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1. Bbe^ehhe 

CoBpeMeHHaa hctophh KOHeHH030HHoro HHTerpnpoBaHHH HacHHTbmaeT yace 30 JieT. 
YcToajiocb ,a,Ba Ha3BaHHa fljia flaHHoii TeopHH: KOHeuH030HHoe h ame6po-zeoMempuHecKoe 
unmespupoeaHue. HcTopH^ecKH, 06a CB33aHbi c HHTerpnpoBaHHeM cneicrpajibHOH 3a^aHH, 
onpe^ejiaeMoii oSbiKHOBeHHbiM flH(p(pepeHnnajibHbiM ypaBHeHHeM 

- u(x) ^ = A ^ (1) 

h 3HaMeHHTbiM flHcpcpepeHiniajibHbiM ypaBHeHHeM b nacrabix npoH3BO,a,Hbix — 
ypaBHeHHeM KopTeBera-^e-Opnsa 

u t = u xxx - Quu x . (2) 

Hh oflHOMy ypaBHeHHio He nocBHineHO ctojibko coBpeMeHHOH MaTeMaTHHecKoii 
jiHTepaTypbi, ckojibko eiviy h ypaBHeHHio (1). B caMOM ^ejie, c hhmh CBH3aHO OTKpbiTne 
b 1967 rofly MeTo^a oSpaTHOH 3a^aHH pacceaHHH (mo3p), a nocjie^yiomHe OTBeTBjieHHH 

TeopHH CTOJIb MHOrOHHCJieHHbl, HTO npeflCTaBJIHIOT C060H 6e3yCJIOBHO CaMOCTOHTejIbHbie 

HinpoKHe HanpaBJieHna, Heacejin aacTHbie cjiynan. 

TepMHH «KOHe x iH030HHoe HHTerpnpoBaHHe» OTpa»caeT coBpeivieHHO-HCTopHHecKHe 
KopHH! npoSjieivia HHTerpnpoBaHHH cneKrpajibHOH 3a^aHH (1). B innpoKOM CMbicjie cjiOBa 
3to 03HaHaeT noncK «xoponiHx» noTeHiniajiOB u(x), cooTBeTCTByiomHx peineHHH ^Jia 
(pyHKH,HH, onpe^ejieHHe ^HCKpeTHoro h HenpepbiBHoro cneKTpa ^jih hhx h Haxox^eHHe 
flpyrnx aTTpnSyTOB KjiaccHnecKOH cneRTpajibHoii TeopHH. BbiHcmuiocb, hto t3khmh 
noTeHH,HajiaMH ,a,oji>KHbi 6biTb nepno^HHecKHe (hjih KBa3H-) no 1, a hx nacTHbiM cjiynaeM, 

nepHOfl CTpeMHTCH K SeCKOHeHHOCTH, HBJIHIOTCfl 3HaMeHHTbie COJIHTOHbl B M03P. 

BTopoe Ha3BaHHe OTpaacaeT to noHHMaHHe TeopHH, KOTopoe 6bijio ,n,ocTHrHyTO b 
pa6oTax KpnneBepa 1970-x ro/xpB cnycTa HecKOJibKO JieT nocjie noaBJieHna pa6oTbi 
HoBHKOBa 0. Oho bckpmjio BecbMa rjiy6oKyio CB33b TeopHH, HOCHBinyio CHaaajia 
nojiHOCTbio «cneKTpajibHbiH» xapaKTep (KaK h M03p), c MeTOJjaMH ajireSpaHHecKoft 
reoMeTpHH h ajireSpaHnecKoii TeopHH JiH(p(pepeHnHajibHbix onepaTopoB. 

HToroM nepBOHanajibHoro pa3BHTHH TeopHH CTajio iiohhmcIhhs Toro (paKra, hto 
OKOHnaTejibHbie OTBeTbi Bceiyja Bbipa>KaiOTCH b TepMHHax MHoroMepHbix B-cpyHKHiiii, 
accon,HHpoBaHHbix c ajire6paHHecKHMH kphbbimh KOHenHoro po^a. B cbh3h c sthm HHor^a 
ynoTpe6jiiieTCH Ha3BaHne Q-^yHKi^uoHaAbHoe UHmezpupoeanue. 

KaK CTajio jicho no3JjHee, MaTeiviaTHHecKHH annapaT TeopHH h jjajKe MHorne 
aTTpnSyTbi caMofi TeopHH, BCTpenaiOTCH 3a,n;ojiro j\o 1970-x ro^OB h CBH3aHbi c HMeHaMH 
KoBajieBCKofi, BeiiepiHTpacca, Kjie6ina, DopijaHa, BepHHajuia-HoH/iH, BeiiKepa h ^pyrnx. 
B 1961 ro;jy Axne3ep onySjiHKOBaji paSoTy no cneRTpajibHoii TeopHH ypaBHeHHa (1), 
Ha KOTopyio cjie^yiOT ccmjikh bo Bcex 6ojiee MeHee o6cToaTejibHbix pa6oTax no ^aHHoii 
TeiviaTHKe. 
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1.1. MoTHBaijHH. B flaimoH 3aMeTKe mm xoTejiH 6 m H3Jio:>KHTb tot acneKT TeopHH, 

KOTOpblH He TOJIbKO HCTOpHHeCKH B03HHK flO nOflBJieHHS yilOMHHyTblX BMHie, HO H 

OTpa»caeT b Sojibnien CTeneHH iiohhmcIhhs npeflMeTa Ha BecbMa npocTOM ypoBHe 
MOTHBai^HH . /JoBOJibHO Heo>KHflaHHO to, hto 3TOT (paKT He Haiueji OTpaaceHna B 
coBpeivieHHOH jiHTepaType, xoTa HMa >K.,HpaiH, KOTopoiviy npHHa^jiejKHT H/jeojiorna h 
HeHTpajibHbie pe3yjibTaTbi, Smjio oSHapyaceHO y»:e b Haaajie 1980-x rojjpB. CaM ^pani 
onySjiHKOBaji Ha 3Ty Teiviy b 1919 ro^y jihhib flBe KopoTKne 3aivieTKH b Comptes Ren- 
dus 6e3 flOKa3aTejibCTB h o6T>acHeHHH. B cb33h c sthm mm pacninpHM noacHeHna, 
a HeoSxo^HMbie ^onojiHHTejibHbie ,a,OKa3aTejibCTBa h oSocHOBaHHa ^obojibho npocTbi h 
MoryT 6biTb jierKO CKOMneHcnpoBaHbi o6pameHHeM k cooTBeTCTByiOHieH JiHTepaType. B 
npnjiojKeHHH mm npHBOflHM nepeBO,n flByx 3aMeTOK /Ipania b cnjiy hx Hpe3BbiHaimoH 
KpaTKOCTH . Mbi yKa3MBaeM TaKace Ha tot (paKT, hto Teopna SKBHBajieHTHa ,npyroH 
KOHH,enn,HH KBaflpaTypHoft HHTerpnpyeMOCTH, HaaaBHieHca pa3pa6aTbiBaTbca JlnyBHJiJieM 
b 1830-x roflax em;e flo noaBJieHna b 1840-50-x ro^ax 3HaMeHHTofi HHTerpnpyeMOCTH 

HejIHHeHHblX raMHJIbTOHOBblX CHCTeM. 

Ii3Jiaraa Teopnio, mm HCKJHoaaeM coBpeMeHHbie aKCHOMaTHaecKne nocTpoeHna h 
He npn6eraeM k annapaTy ajire6paHaecKOH reoMeTpHH, pHMaHOBbix noBepxHOCTen, 
(pyHKn,HaM BeHKepa-Axne3epa, TeopHH onepaTopoB, hx cneKTpaM h t. r. KaK CTaHeT 
bh^ho, «HaHBHaa» nocTaHOBKa npoSjieMM npHBO^HT k TOMy, hto Bee o6T>eKTM 
TeopHH c Hen36e>KHOCTbio hohbjihiotch caMH co6oh. Cpe^n hhx: cpopMyjia ,o,jih 
\I/-(pyHK]iHH, ypaBHeHHa HoBHKOBa, ajireSpannecKaa rHnepsjuinnTHHecKaa KpHBaa h 
t. j\. O^HOBpeMeHHO mm nojiyaaeM OTBeTM Ha Bonpocbi Tnna: OTKyjja 6epeTca 
(pyH^aMeHTajibHbiii nojiHHOM no cneKTpajibHOMy napaMeTpy A h nepeMeHHbie 7 fc KaK Hyjin 
3Toro nojiHHOMa, KaKOBa pojib cpopMyjibi cjie^OB, noaeMy B03HHKaeT npoSjieMa oSpameHna 
aSejieBbix HHTerpajiOB (3ajjaaa 51ko6h)? HecMOTpa Ha pa3BHTOCTb TeopHH mm npHBOJTHM 
(paKT, OTcyTCTByioinHH b JiHTepaType: OKOHaaTejibHyio KBa^paTypHyio (popMyjiy ^jia 
(pyHKn,HH ((popMyjia ((221) )• ^ Ta cpopMyjia noxo>Ka Ha pe^KO ynoMHHaeMyio (popMyjiy 
(4.12-13) b pa6oTe [B], ho OTjinaaeTca TeM aeM OTjinaaiOTca cneKTpajiBHMH h 
BbiHieynoMaHyTbiH noflxoflM. Pa3JiHHHe b no^xo^ax h hx BKBHBajieHTHOCTb o6T>acHaeT 
H3BecTHaa TeopeMa BenepniTpacca o nepecTaHOBKe napaMeTpoB h npeaejiOB b 
HopMajiH30BaHHMx aSejieBbix HHTerpajiax 3-ro poaa. 

MeTOflHKa b fleiicTBHTejibHOCTH nepeHOCHMa Ha apyrne cneKTpajibHbie 3aaaaH 
h HejiHHeflHbie ypaBHeHHa. Ha sthx cpaBHeHnax h o6o6meHHax mm He 6yaeM 
OGTaHaBJiHBaTbca, ho npHBoaHM paccyacaeHna TaK htoGm ohh c HaHMeHbHiHMH 
h3M6H6hhhmh nepeHOCHjiHCb Ha apyrne «KOHeaH030HHbie 3aaaaH». 

B 3aKjnoaeHHH, yKaa<eM hto o6m,enpHHaTbiH B3raaa, Ha G-(pyHKn,HOHajibHoe penieHne 
npoSjieMbi TO>Ke BbmoaHM, KaK co6ctb6hho h cpopMyaa aaa 0-paaa hjih noaBjieHne O- 
(pyHKn,HH PnMaHa. 3th acneKTbi TeopHH b aaHHoii 3aMeTKe Ha 3aTparHBaiOTca. 



2. KPATKOE H3JTOJKEHHE COBPEMEHHblX PE3YJlbTATOB 

nepeancjiHM ocHOBHbie pe3yjibTaTM TeopHH. nnoHepcKaa paSoTa HoBHKOBa [l] SbiJia 
HaiieaeHa Ha penieHne caeayionjeii npoSjieMbi: KaK nepeHecTH M03P aaa (1) Ha 
cjiyaan nepnoaiiaecKHX noTeHHiiaaoB h KaK BbiraaaaT, b stom cjiyaae, aHaaorn 
Bcex oStcktob cneKTpajibHOH TeopHH, yace BecbMa pa3BHTon k TOMy BpeMeHH aaa 
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flOCTaTOHHO SbiCTpo ySbiBaiomHx noTeHnnajiOB. 3th o6T>eKTM 6mjih nocTpoeHM, a 
caMH noTeHn,najibi OKa3ajincb yflOBjieTBopaioiirHMH oSbiKHOBeHHbiM flH(p(pepeHirnajibHbiM 
ypaBHeHHaM no nepeMeHHoii x. 3th ypaBHemiH, HMeHyeMbie cennac ypaBHeHHHMH 
HoBHKOBa, hbjihiotch He neivi hhmm KaK CTairnoHapHMMH (t. e. Kor^a Ut = 0) 
ypaBHeHneivi K^O h bmchihmh HJieHaMH ero nepapxHH. Co cneKTpajibHoii tohkh 
3peHHa 3th noTeHHiiajibi OKa3ajincb xopohihmh b tom CMbicjie, hto hmcjih KOHenHoe 
hhcjio «pa3penieHHbix» 30H b CBoeM HenpepbiBHOM cneKTpe: Ha BemecTBeHHon och 
nepeMeHHoii A HMeeTca KOHenHoe hhcjio HHTepBajiOB, TaKHx hto ecjin A SepeTca 
OTTyzja, to penieHHe ty(x; A) ^ncpcpepeHnnajibHoro ypaBHeHHH (1) npn flaHHOM u(x) 
aBjiaeTca orpaHnneHHon (pyHKnnen Ha Been och x £ (— 00...00). HcTopHnecKn, 
TaKne 3a^aHH y>Ke paccMaTpHBajiHCb (Teopna QjiOKe), r^e x nrpajio pojib BpeMeHH t. 

IlOMHMO TaKOH Cepbe3HOH (J)H3HHeCKOH MOTHBaiTHH, TaKHe nOTeHHHajIM 6bIJIH xoponiH 
TeM, HTO BCH TeOpHH CTaHOBHJiaCb 3(p(peKTHBHOH C aHajIHTHHeCKOH TOHKH 3peHHH, T. K. 

onncbiBajiacb HMeionrnMCH h pa3BHTbiM MaTeiviaTHHecKHM annapaTOM. Oh Hcnojib3yeT 
Teopnio ajireSpannecKHx (pyHKniiii, hx pniviaHOBbix noBepxHOCTen, aSejieBbix HHTerpajiOB 
Ha hhx h ^pyroe. Cpa3y oSHapyjKHJiocb, hto Teopna TpeSyeT cepbe3Hbix flopaSoTOK h 
pacniHpeHHH Ha KBasnnepHOflnnecKHe cjiynan h KOMnjieKCH03HaHHbie noTeHirnajiM. 

^pyrHM, He MeHee neHHMM, pe3yjibTaTOM stoh paSoTbi CTajio oco3HaHne Toro cpaKTa, 
hto ypaBHeHHa HoBHKOBa npeflCTaBHMbi KaK KjiaccnnecKHe raMHjibTOHOBbi ^HHaMnnecKHe 
CHCTeMbi (no x) . Hobhkob npo^eMOHCTnpoBaji TaKyio HHTerpnpyeMOCTb ,h,jih cjiynaa ,a,Byx 
30H, a no3^,Hee 6mjio flOKa3aHO hto sto ecTb o6iu,hh npn3HaK TaKon HHTerpnpyeMOCTH 
(rejibcpaHfl-^HKnii). B 1975 ro^y ,ZIy6poBHH n Hobhkob npHBejin nepBbin hbhmh 
HeTpHBHajibHbin npHMep, Kor^a noTeHirnaji 3aBHCHT ot ,n;onojiHHTejibHOH nepeMeHHoii t, a 
bch Teopna coxpaHaeT BHfl. Cennac 3to Ha3biBaeTca H30cneKTpajibHbiMH fle(popivian;HHMH 
HHTerpnpyeMbix noTeHirnajiOB. Mm Sy^eivi ynoTpeSjiHTb stot TepMHH npnivieHHTejibHO k 
noTeHnnajiy, nocKOJibKy hm nojiHOCTbio onpeflejiaeTCH penieHne ^ n cneKTp. 

I^eHTpajibHbiM o6T.eKTOM Teopnn CTajio ajireSpannecKoe ypaBHeHne W(X,/j,) = 0, 
CBH3biBaioiu,ee nepeivieHHyio A n coScTBeHHoe 3HaneHne \i BToporo onepaTopa A, 
KOMMyrnpyiomero c nepBbiM onepaTopoM L = — u(x) n onpeflejiHiomero 3a^any 
(1). 3tot BTopon onepaTop n ero nopa^OK 3aBncnT ot Toro, KaKon noTemrnaji b3ht. 
Hanpniviep, ecjin mm HMeeM flejio c caMHM CTairnoHapHMM ypaBHeHneM K^O u xxx — 6 u u x = 
0, to onepaTop A HMeeT bh^ 

- d 3 3 d 

A = -p-r u— u x . 

ax 6 2 dx 

IleHTpajibHaa pojib ajireSpannecKoro cooTHonieHHH W(X,n) = 3aKjnonaeTCH b tom, 
hto oho npe^CTaBjiaeT coSoii He hto HHoe KaK HanojiOBHHy npoHHTerpnpoBaHHoe 
caMO CTan;HOHapHoro ypaBHeHne: ero K03(p(pHHneHTaMH hbjihiotch fln(p(pepeHn;HajibHbie 
nojiHHOMbi no u(x), ho Bee ohh KOHCTaHTbi. B ynoMHHyTOM 1-30hhom cjiynae mm HMeeM 
(onycKaa HecymecTBeHHbie napaMeTpbi) cooTHonieHHe 

W(\,n): fi 2 = \ 3 + ^{u xx -3u 2 )\-^uu xx + ^u 2 x + ^u 3 , (3) 
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b kotopom Bee K03(p(pnn,neHTbi nepefl A 3 , A , A ecTb kohctcLhtm HHTerpnpoBaHna 
A}.. Hobhkob noKa3aji KaK nepeHTH ot ^H(p(pepeHn,HajibHbix nepeMeHHbix u, u x , . . . k 
KaHOHH^ecKHM nepeMeHHbiM {p, g}, ncnojib3yeMbiM b Teopnn jirnHaMnnecKHx chctgm. 

IlocKOJibKy ynoiviaHyTbie flBa onepaTopa onpe^ejiaiOT cneKTpajibHbie 3a,n;aHH = A ^ 
n Afy = to ohh caMH KOMMyTupyiOT, HMeiOT o6nryio coScTBeHHyio (pyHKnnio A) 
n CBa3aHbi TeM me caMbiM ajireSpannecKHM coothohighiigm W(L, A) = 0. Bee hto 
c^ejiaHO fljia onepaTopa IIIpe^HHrepa L 6y,a,eT cnpaBe^JiHBO h fljia A. 3tot (paKT BbiaBnji 
rjiySoKyio CBn3b Teopnn c ajireSpannecKoii Teopnen onepaTopoB, n KaK oSHapyacnji 
BCKope H.KpnaeBep [2], yme HMeji MecTO b KJiaccnnecKon jiHTepaType, 3a6biTon k 
1970-m ro^aivi (BepHHajui-HoH^H n BeiiKep 1920-30-e ro^bi). no3^Hee, hm me, TaKoii 
B3rjiafl Ha ypaBHeHna 6mji CHCTeMaTii3npoBaH n npnoSpeji ceroflHanrann bh,ii. Bojiee Toro, 
CTajio acHO, hto Teopna He orpaHnanBaeTca ypaBHeHneM LQpe^HHrepa (1) h KflO (2), 
nepeHOCHTca Ha Sojiee cjioacHbie onepaTopbi bbicokhx nopn^KOB, ypaBHemra, MaTpnnHbie 
3a,a,aHH h t. r. PaccMaTpnBaa cooTHomeHne W(X,jj,) = KaK ajireSpannecKyio KpnByio, 
CBa3biBaioiu,yio ppe nepeMeHHbie A n /x, mm ^ejiaeivi HaSjuo^eHne, hto OHa, KaK pHMaHOBa 
noBepxHOCTb, Bcer^a HMeeT KOHeaHbiH po,zi, TaK KaK CTeneHb nojiHHOMa W(\,fx) no bthm 
nepeMeHHbiM KOHenHa. <J>aKTHnecKn, po,a, stoh kphboh h hhcjio 30h b cneKTpe onepaTopoB 
L, A ecTb coBnaflaiomHe BejinanHbi. 

KaK onncbiBaTb ,zraHHbie noTemrnajibi n penieHna aHajinTHnecKHMn cpopMyjiaMn? 3to 
6bijio c^ejiaHO b 1975 ro^y MaTBeeBbiM h Htcom |3j n H3BecTHO KaK 3HaMeHHTbie 0- 
(pyHKn,noHajibHbie (popMyjibi Teopnn KOHenH030HHoro HHTerpnpoBaHna. Mm 3aTpoHeM 
9tot Bonpoc no3flHee. 

3. HHTErPHPYEMOCTH nO ilriyBHJTJnO 

B coBpeMeHHbix Teopnax HHTerpnpoBaHna o6biKHOBeHHbix ,o,H(p(pepeHirHajibHbix 
ypaBHeHHn cymecTByeT ,a,Be pa3HOBH,zrHOCTH noHaTHa HHTerpnpyeMOCTH h o6e, 
HCTopnaecKH, CBa3aHbi c HMeHeM JlnyBHjuia. 

riepBaa, h caMaa 3HaMeHHTaa, KacaeTca HHTerpnpoBaHHa nejiuneuHUX o6biKHOBeHHbix 
,i],H(p(pepeHHHajibHbix ypaBHeHHii (chctcm), ecjin ohh npe^CTaBHMbi b raMHjibTOHOBOH 
(popMe h HMeiOT HHTerpajibi ^BHJKeHHa b KOJinnecTBe paBHOM pa3MepHOCTH 
KOH(pHrypan;HOHHoro npocTpaHCTBa. B ^pyrofl TepMHHOJiorHH 3Ta HHTerpnpyeMOCTb 
H3BecTHa KaK UHmespupyeMocmb e Keadpamypax, xoTa HenocpeflCTBeHHaa peajiH3aHiia 
KBaflpaTyp npe^CTaBJiaeT coSoh caMOCToaTejibHyio npoSjieMy. Ecjih HHTerpajibi 
ajireSpaHHHbi, to 3to — Teopna pa3,a,ejieHHa nepeMeHHbix, Bocxoflamaa k 5Iko6h. 
TaKyio HHTerpnpyeMOCTb HHor^a Ha3biBaiOT ajire6paHaecKOH. 

BTopaa OTHOCHTca k nepno^y Mempy 1833 h 1841 roflaMH h, tskhm o6pa30M, 
npe^mecTBOBajia nepBOH, OTHOcameiica k 1840-50-m ro^aM. Y JlnyBHjuia o6e 
HHTerpnpyeMOCTH 6biJin HHTerpnpyeMOCTaMH b KBa^paTypax. Pa3JiHHHbiMH 6biJin Jinnib 
o6T.eKTbi nccjieflOBaHHa: HejiHHeimbie raMHJibTOHOBbi ypaBHeHna c oflHon ctopohm n 
jiHHeiiHbie ,n;H(p(pepeHHHajibHbie ypaBHeHna n BbinncjieHne Heonpe^ejieHHbix HHTerpajiOB 
c flpyron. Bojiee no3^Haa HHTerpnpyeMOCTb HejiHHenHbix raMHJibTOHOBbix cncTeM 
Hocnjia Sojibnie xapaKTep cymecTBOBaHna HHTerpajiOB (tohhmh ^nicpcpepeHHiiaji dS = 
pdq — Hdt), xoTa JlnyBHjuib ysce 6mji 3HaKOM k TOMy BpeMeHH c (popMajin3MOM 
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raMnjit>TOHa-5lKo6n . TeM He MeHee b Hanajie 1830-x to^ob oh cpaKTnnecKH 
nepBbiM Hanaji KjiaccHcpnnnpoBaTb TpaHcneHfleHTHbie/ajireSpaHnecKne cpyHKiniH n 
hctko (popMyjinpoBaTb noHSTHe «npoHHTerpnpoBaTb» KaK KOHenHbiii Ha6op onepaiiHii 
Heonpe^ejieHHoro HHTerpnpoBaHna (3HaK HHTerpajia J) Ha^ BnojiHe onpeflejieHHbiMH 
oSteKTaMH (pauiiOHajibHbie hjih ajireSpannecKne cpyHKniin) + ajireSpannecKne fleiicTBHa 
Ha/i, hhmh. Cennac Bee sto H3BecTHO KaK HHTerpnpoBaHHe b kohchhom BH/ie (inte- 
gration in finite terms) hjih b 3aMKHyTOH cpopivie (closed form), a npnivieHHTejibHO k 
jiHHeiiHbiM jj;H(p(pepeHH;HajibHbiM ypaBHeHHHM — KaK Teopna J±HyBHJiJiH-iiHKapa-BeccHO 
h jjncpcpepeHiiHajibHaa Teopna Tajiya. HanpHMep ilnyBHjuib noKa3aji, hto HHTerpaji 
ypaBHeHHH ty" — x ^ = (ypaBHeHne J±HyBnjijia-3Hpn) He npeflCTaBHM b sjieMeHTapHbix 
(pyHKH,HHx. IlocjieflHHe pa3yMeeTCH Smjih onpe,ziejieHbi. 

B nocjieiiyioiiTHx naparpacpax mm noKaxceM, hto ecjin penb n^eT o cneKTpajibHon 
sajjane (1), t. e. JincpcpepeHnriajibHOM ypaBHeHnn c napaivieTpoM, to o6e HHTerpnpyeMOCTH 
coBnajjaiOT, a Bee nepenncjieHHbie Bbinie oSteKTbi noaBJiaiOTca caivin co6on. TaKHM 
o6pa30M ecTecTBeHHaa nocTaHOBKa Bonpoca Bbirjia/iHT cjiejjyiornHM o6pa30M: 

• IIpu KdKux (f>yHKV i UHX u(x) ducfxpepemiucuibHoe ypaenenue (1) UHmespupyemcM e 
Keadpamypax npu ecex 3HaueHunx napajuempa X ? Kjiacc cpyHKiiHii ot Koropbix 
3th HHTerpajibi BbiHHCJiaiOTca cjiejjyeT sbho onncaTb. 

HivieHHO TaKaa cpopMyjmpoBKa BnepBbie BCTpenaeTca b paSoTax 1919 ro,na cppaHny3CKoro 
MaTeiviaTHKa >K.,I[pania (1871-1941). 

Enie pa3 otmcthm, hto TepMHHOJiorna moHHan UHmespupyeMOcmb cneKTpajibHbix 
3aflan (jinHeimbix ypaBHeHnn) h ycjiOBnii hx coBMecTHOCTH ([L,A]-napbi n HejiHHeiiHbie 
ypaBHeHHH Ha hx K03(pcpHiiHeHTbi) Hcnojib3yeTca b jiHTepaType JiaBHO h b pa3Hbix 
TpaKTOBKax. Mm yKa3biBaeM Ha to, hto Bee sth HHTerpnpyeMOCTH HfleHTHHHbi 
«HaHBHOMy» noHHTHio, t. e. KOHeHHOMy HaSopy 3Han~KOB HHTerpajia, h SKBHBajieHTHbi 
JiHyBHJiJieBCKOii HHTerpnpyeMOCTH b KBa/ipaTypax Jiuneunux ducfxpepemiucuibHux 
ypaeneHuu, KOTopaa Sojiee sjieMeHTapHa neM HHTerpnpyeMOCTb HejiHHeHHbix 

raMHJIbTOHOBblX CHCTeM. 



4. >K. ^PALU H KOHEMH030HHbIE ilOTEHI^HAJlbl 

,Ha>Ke Serjibiii B3rjiafl Ha cpopMyjibi (cm. npnjioaieHne) noKa3biBaeT, hto hm Sbijih 
penieHbi npHHniinHajibHbie npoSjieMbi 3a HCKjnoneHneM G-cpyHKiiHOHajibHbix cpopMyji 
n raMHJibTOHOBOCTH ypaBHeHnn. <J>opMyjiHpoBKa npoSjieMbi no ^pamy coBeprneHHO 
npo3panHa, sjieMeHTapHa h rjiySoKO MOTHBnpoBaHa. 



5Iko6h 6mji b IlapHJKe b 1842 nepe-fl TeM xax ,a;aTb cboh ii JIeKV ) uu no dimaMUK^' b Kemirc6epre. 
JJp 3Toro, b 1838 ro,a;y, JlnyBHjijib npocnji o,a;Horo H3 cbohx flpy3eii nepeBecra pjisi CBoero acypHajia 
(Journal de Mathematique pures et appliquees) ,a;Be 3aMC-TKH 5Iko6h no qbopMajiH3My TaMnjibTOHa- 
5Iko6h, ony6jiHKOBaHHbix ro^OM paHee b »cypHajie Kpejura. B tom BH,n,e b KaKOM pe3yjibTaTbi JlnyBHJiJifl 
H3BecTHbi ceirqac, ohh 6buiH ony6jinKOBaHbi TOJibKO b cepe^nrae 1850-x ro^,OB. Mex^y sthmh nepno^aMn 
6bijia peBOJiioiiHfl 1848 ro,a;a n cnafl MaTeMaTH^ecKoii aKTHBHOCTH JlnyBnjuifl: oh 6mji H36paH ^jieHOM 
HaiiHOHajibHoii AccaM6jieii (,a;ajKe h3jiojkhb cboh nojinTH^ecKne B3rji.smbi) h pa6oTaji b KOMHTeTe no 
(pimaHcaM . 
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4.1. «HecneKTpajii>HBiH» b3tjihr Ha cneKTpajibHbie 3a^aHH. OStjCktom 
cneKTpajibHbix 3&r&h aBjiaeTca ,a,H(p(pepeHiTHajibHoe ypaBHeHne c napaMeTpoM, KOTopoe 
Ha^o peniHTb (b KaKOM-jiH6o CMbicjie) npn Bcex 3HaneHHHx nocjie^Hero. 3to flHKTyeTcn 
TpeSoBaHiieM HMeTb nojiHyio ciiCTeiviy co6ctb6hhmx dpyHKiinn, pa3JiojKeHHa no STOiviy 
6a3Hcy, opToroHajibHOCTb, pa36neHHe e^iHHHHM, paBeHCTBa IlapceBajia, cneKTpajibHbie 
MaTpnn;bi-njiOTHOCTH n t. j^. O^hhm cjiobom, b KanecTBe OTBeTa flOJi>KHbi 6biTb Sojiee 
MeHee HBHbie cpopiviyjibi ^Jia cpyHKHnn \1/ KaK (pyHKinin flByx nepeivieHHbix x h A. B 
npoTHBHOM cjiynae mm Sy^eivi HMeTb Jinnib nacrabie npHMepbi nponHTerpHpoBaHHoro 

ypaBHeHHS (1) C KOHKpeTHbIM KOSCpCpHIIHeHTOM u(x) H KOHKpeTHblMH A. TaKHX 
npHMepOB K TOMy BpeMeHH 6bIJIO H3BeCTHO He MajIO (HanpHMep (pyHKIIHH 3pMHTa), HO 

Bonpoc o npou360AbHOcmu A, KaK BHflHM, HBjiaeTCH npHHH,HnHajibHbiM . ,HpaiH TpeSyeT 
pa3peninMOCTb Heonpe^ejieHHbiMH KBa,npaTypaMH, Bbi^ejiaa KypcHBOM "... ocmaeAHH 
napajuemp h npou360AbHUM n . 

Pa3yMeeTca mojkho npuBecTii Sojibinoe KOJinnecTBO npiiMepoB npoHHTerpnpoBaHHbix 
ypaBHeHHfi c napaMeTpoM 3 . O^HaKO ecjin noTpeSoBaTb, hto6m cnocoS BxojKfleHiia A b 
ypaBHeHne Sbiji KaK b (1), to OKa^KeTca hto sto b Bbicniefi CTeneHH HeTpiiBiiajibHaa 
3aflaHa. Bee TaKiie HeMHoroHHCJieHHbie npiiMepbi 6mjih H3BecTHM HanepeneT h noaBjieHPie 
hobbix flajio SojibinoH CTHMyji pa3BHTnio TeopHH ypaBHeHHH (1). HMeHHO M03P h 
KOHeHH030HHoe HHTerpiipoBaHHe flajiH TaKiie HOBbie npHMepbi h, KaK mm yBiyniM ^ajiee, 
3to ece eo3MOCHCHue cjiynaH. 3to 6mjio o6T>aBjieHO ^[panieM otkpmtmm tckctom, xoth 
h 6e3 ^OKa3aTejibCTB. Hto KacaeTca TeopHH oSparabix cneKTpajibHbix 3a^aH, to 3tot 
KJiacc noTeHH^najiOB TOJKe ,n;aeT OTBeT Ha Bee Bonpocbi nocjie^HeH, ecjin Hajio>KHTb 
«pa3yMHbie» nojKejiaHHH Ha aHajiHTHnecKyio scpcpeKTHBHOCTb (popMyji ^jih MaTpniibi 

paCCeHHHH, K03(p(pHHHeHTOB npOXOJK^eHHH H T.n. 

^ajiee, nocjie TaKofi «HecneKTpajibHOH» nocTaHOBKH 3aflanH, ,HpaiH npeflT.HBHJi noHTH 
Bee KjnoneBbie (popMyjibi onncMBaiomHe ee penieHHe: 1) Been KJiacc koh6hho30hhmx 
noTeHn,HajiOB onepaTopa IIIpe^HHrepa; 2) ajireSpannecKHe KpHBbie fljia hhx; 3) 
ypaBHeHiia HoBHKOBa h hx HHTerpajibi; 4) ypaBHeHne Ha pe30JibBeHTy h ee o6o6nieHHe 
Ha TpaHcn,eHfleHTM IleHjieBe; 5) KBa^paTypHafl cpopMyjia ,hjih \I/(x;A); 6) ypaBHeHHH 
,T[y6poBHHa Ha nojiioca ^-(pymaiHH; 7) HHTerpajibHaa cpopMyjia sthx ypaBHeHHH 
b BHfle 3a^anH oSpameHHH 5Iko6h; 8) (popMyjibi cjie^OB (noTeHiiiiaji KaK aSejieBa 
(pyHKiiHH); 9) pe3yjibraT fleiicTBHH npeo6pa30BaHHH ,Hap6y Ha ajireSpaHnecKyio KpHByio 
(floSaBJieHHe/y^ajieHHe KpaTHbix ToneK BeTBJieHHa). H sto Bee b flByx KpaTKHx 3aMeTKax 
b Comptes Rendus. nocjie,zi;yiOHiHe paSoTM ^pania TO>Ke nocBameHM KBa^paTypHOH 
HHTerpnpyeMOCTH, ho HejiHHeimbix ypaBHeHHH. Bojibine k stoh TeMe oh He B03Bpam,ajiCH. 



CneKTpajibHbie sa^a^iH iiohtii Bcer^a B03HiiKaiOT H3 noTpe6HOCTeii pa3JiaraTb npoH3BOJibHbie 
(pyHKii,HH (Ha^iajibHbie ycjiOBHH ii t. ,zj;.) no 6a3ncy co6cTBeHHbix (pyHKn,nn sthx 3a^,aH. 3to flBjraeTCfl 
nojiHbiM aHajioroM pa3Jio»ceHHii (pyHKD,Hii b pa^m <l>ypbe no cimycaM n KOCimycaM , KaK coScTBeHHbiM 
(pyHKniiflM 3aflaHH \E'" + A 2v I / = 0. OpToroHajibHOCTb BJie^ieT B03MO»cHOCTb npe^-biiBHTb HBHbie (popMyjibi 
fljiii KoscpcpHiiHeHTOB pa3JiojKeHHH. OaKTH^ecKn Taicafl nocTaHOBKa sa^a^n ,n;jia 6ecKOHe x iHoro iiHTepBajia 
ocn x G (— oo . . . oo) nccjie^OBajiacb b ynoMAHyToii pa6oTe Axne3epa (/IAH CCCP (1961), 141(2), 263- 
266). 

3 HanpiiMep b3ab Hanepefl 3aflaHHyio (pyHKiinio, coflepjKamyio A, n nocTponB jinHeiiHoe 
,a;ii(p(pepeHn,iiajibHoe ypaBHeHne, KOTopoMy OHa yflOBjieTBopaeT: lacro BCTpe^iaiomaflCfl myTKa no noBO^y 
TpaKTOBKn MeTO,a;a «o6pamHoii» sa^ann. 
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K TOMy BpeMeHH (1920-e ro^bi) noHHTHe KBaflpaTypHoii HHTerpnpyeMOCTn Smjio 
^OBOJibHO hctko C(popMyjiHpoBaHO, nosTOMy ,HpaiH 6e3 noncHeHHn HcnojiB30Baji noHHTne 
rpynnbi pannoHajibHOCTn ypaBHeHHH H3 Teopiiii IlHKapa-BeccHO. He HMea bo3mojkhocth 
^onojiHHTejibHO KOMMeHTupoBaTb 3Ty o6niHpHyio Teiviy mm npeflJioxcHM flpyryio 
MOTHBairHio h MeTO^HKy BbiBOfla KBaflpaTypHofi HHTerpiipyeMOCTii ypaBHeHHH (1). OHa 
;i;a;>Ke 6ojiee H3BecTHa neivi ynoMHHyTaa Teopiia, 6ojiee pa3BHTa h ajiropiiTMH3iipoBaHa. 3to 
— Teopna HenpepbiBHbix CHMMeTpnii Jim hjih, b coBpeivieHHOH TepMHHOJiorHH, rpynnoBoii 
aHajiH3 ^H(p(pepeHii;HajibHbix ypaBHeHHH. K ypaBHeHHio (1), HacKOJibKO HaM H3BecTHO, 
3tot noflxofl He npHMeHajica. Ero HCTopHHecKoii MOTHBainieH HBjifleTCH TOJKe caMoe: 
KaK HHTerpHpoBaTb ,zrH(p(pepeHHHa.JibHbie ypaBHeHHH b KBa^paTypax? B tom BH^e b 
KaKOM HaM noTpe6yeTca, CBe^eHna H3 btoh TeopnH nojiHOCTbio co^ep>KaTca b "A36yKe 
spynnoeoso a,Hajiu3a" H. H6parnMOBa. 

B Hanajie nepBoii 3aMeTKH ^pani ynoMHHaeT oSruyio 3aflany UlTypMa-ilHyBHJiJiH 

+ (« W -.X 9 M)* = (4) 

h ee CBO^HMOCTb (TO>Ke KBa^paTypaMn) k ypaBHeHHio (1). Hhmmh cjiOBaMH, Bee hto 6y^eT 
c^ejiaHO fljia o^Horo ypaBHeHHH nepenncbiBaeTca jsjis. flpyroro. IIocKOJibKy o6a ypaBHeHHH 
jiHHenHbie, to CB33B Meayry nepeMeHHbiMH \I/ h if) ROJimma SbiTb Toa<:e jiHHeimoH, a 
npo6jieMa cbo^thtch jihhib k 3aMeHe He3aBHCHMoii nepeMeHHOH z — > x. 3to ^ejiaeTca, 
KaK CKopee Bcero hmcji b BH,zry ^pani, c noMombio no^CTaHOBKH JlnyBHjiJiH. B caMOM 
flejie, ^ejiaa b ypaBHeHHH (jlj) 3aMeHy nepeMeHHOH z — > x h TpeSyn hto6m ypaBHeHne 
npnoSpejio KaHOHnnecKHH bh^ (1), mm nojiynaeM (popMyjibi nepexo^a: 

z 

- i/g(z)k(z)ip(z), (5) 

k zz {z) kl{z) ^)| ir _ vr 
2g(z) Ag(z)k(z) g(z) J 

b kotopom nepeMeHHaa z ,a,oji>KHa 6bitb 3aMeHeHa Bbipa>KeHHeM z = z(x), nojiyneHHMM 
o6paiu,eHHeM nepBoii (popMyjibi b 

5. KBAflPATYPHAfl HHTErPHPYEMOCTb YPABHEHHH LQPEflHHrEPA 

fljin OTBeTa Ha nocTaBJieHHbiii Bonpoc HeoSxo^HMO Haft™ rpynny/ajireSpy chmmctphh 
^HcpcpepeHHiiajibHoro ypaBHeHHH (1). Ecjih OHa OKanceTCH pa3peniHMOH, to npon,e,irypa 
HHTerpnpoBaHHfl, t. e. nepexo,a, k hobmm «HHTerpHpyeMMM» nepeMeHHMM peniaeTCH 
coBepnieHHO CTaH^apTHO, no H3BecTHMM MeTO^HKaM H3 TeopnH HenpepbiBHbix CHMMeTpnn. 
Hanie ypaBHeHne HMeeT nopn^OK 2, noaTOMy ^ocTaTOHHO HMeTb 2-x napaMeTpnnecKyio 
rpynny, t. k. TaKaa Bcer^a pa3peniHMa. IIohck CHMMeTpnii 03HanaeT onpe^ejiHTb 
HH(pHHHTe3HMajibHMH reHepaTop rpynnbi (5, t. e. Hanra (pyHKinrH 77(2;, ero 

onpe^ejinioiirHe : 

e = ((x,v)d t + ii(x,v)d*. 



r^e \&(a;) yflOBJieTBopaeT ypaBHeHHio Tnna (1) 

\\k\z) fg(z)\ 5 k\z) (g{z)\ 
xx \4g\z) \k(z)) zz 16g^z) \k{z)) z 
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BbinojiHfla TciKiie fleflcTBHfl (xoTopbie ,a,aBHO KOMnbK)TepH3HpoBaHbi) , mm nojiynaeM 
= (a^ + R)d x + ja'^ 2 + (\R' + u) # + &}<9*, 

r^e cpyHKHHH a(x; A), b(x; A) ecTb jnoSbie penieHnn ypaBHeiraa (1), a — jiio6aa KOHCTaHTa, 
a R(x; A) — HOBaa (pyHKirna, yflOBjieTBoparomaa ypaBHeHHio 3-ro nopa^Ka 

R'" - 4 (u + A) R' - 2 u' R = 0. (6) 

QyHKipiH a(x), Hnaero He flaiOT, t. k. aBjiaiOTca pemeHHaMH ypaBHeHHa, KOTopoe 

noflJie>KHT HHTerpHpoBaHHio 4 . IIojiojkhm hx paBHbiMH Hyjiio. OcTaBinaaca KOHCTaHTa a 

TOBOpilT O TOM, HTO CHMMeTpHH He HCHe3aK)T H OCTaeTCH flBe oflHO-napaMeTpHnecKHe 

rpynnbi. 3to b tohhocth to hto HaM TpeSyeTca: 

% 1 = tydy, <& 2 = 2Rd x + R'^d*. 

TaKHM o6pa30M ncxo^Hoe ypaBHeHHe mo>kho caHTaTb npoiiHTerpiipoBaHHbiM, ecjiH 
CHHTaTb npoiiHTerpHpoBaHHbiM ypaBHeHHe (JHJ)- Ha nepBbin B3rjia,a, ypaBHeHHe (JOJ) 
cjio>KHee HexoflHoro (1) (cm. KOMMeHTapnH b §6.3). 3to cpyH^aMeHTajibHoe ypaBHeHHe 
KOHenHO xoponio H3BecTHO h MHoroKpaTHO BCTpenaeTca b coBpeMeHHbix paSoTax no 
TeopHH cojihtohob. B cneKTpajibHbix noflxo^ax oho H3BecTHO kbr ypaBHeHHe Ha a^po 
pe30JibBeHTbi, ho mm 6y^eM H36eraTb KaKHx-jin6o flonojiHHTejibHbix TpaKTOBOK. Ho 
BH^HMOMy BnepBbie oho bo3hhkjio h oScyac^ajiocb b paSoTe iiHyBHjuia 1839 ro,a,a [5j 
CTp. 430-431] KaK ypaBHeHHe Ha npoH3BefleHHe ,a,Byx penieHHii R = ^1^2 npnaeM b 
tom >Ke KOHTeKCTe — HHTerpnpoBaHHe jiHHeimoro ^HCpcpepeHiniajiBHoro ypaBHeHHa 2- 
ro nopa^Ka b aBHoii cpopMe. CneKTpajibHbiH napaMeTp y JlnyBHjuia He npncyTCTByeT 
h oh paccMaTpHBaji HHTerpnpoBaHHe ypaBHeHna b KOHTeKCTe ajire6paHHecKOH 
HHTerpnpyeMOCTH: noncK cjiynaeB, Kor^a peineHne 6y,n;eT ajireSpannecKOH (pyHKHHeii ot 
x. 

BepHeMca k npoixAzrype HHTerpnpoBaHHa. TonenHaa 3aMeHa (cnocoSbi noncKa KOTopofi 
TO>Ke OTpaSoTaHbi |3]) CTapbix nepeMeHHbix (x, k hobmm «HHTerpnpyeMbiM» (2, w) 
HMeeT BHfl [IJ CTp. Ill, cjryaaH 3°] 

f dx ^ 
z= / "777 — rv> w = m — ; 

J R(x; A) /RRA) 

B hobbix nepeMeHHbix, KaK sto cjie^yeT H3 Teopnn Jin, ypaBHeHHe (1) aojdkho CTaTb 
<ojieMeHTapHO peniaeMbiM». Ilocjie npocTbix BbinncjieHnn, nojiynaeM ypaBHeHne 

w zz +w 2 z = -\RR" + \ R' 2 + (u + X)R 2 . (7) 

IloKa 3Toro Hejib3n CKa3aTb ho, KaK 3aMenaeT JJip&m, ypaBHeHHe Q HMeeT nepBbin 
HHTerpaji. 3ia npoHHTerpnpoBaHHaa (popMa HMeeT bh/i, 

^ = -^RR" + ^ rv + (u + A) R 2 , (8) 

r^e /i 2 — KOHCTaHTa HHTerpnpoBaHHa. OHa coBepnieHHO npon3BOJibHa h hu om nezo ne 
3aeucum, b tom nncjie ot A (!). 

4 9to gctgctbghho , t. k. jiimeimoe ypaBHeHHe Bcer,a;a HMeeT CHMMeTpnio c,a;BHra ^ — > $ + e ip(x) Ha 
npoH3BOJibHoe penieHne f(x) caMoro ypaBHeHna. 
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Bo3MO>KHOCTb npoaHTerpapoBaTb oflHH pa3 BCHKoe jiHHeiiHoe ypaBHeHne xopoino 
H3BecTHa. 3to Bcer^a ,ii,ejiaeTca nepe3 JiorapncpMnnecKyio npoH3BOJXHyio (j) = Bl j R. 
Mbi oflHaKO noflnepKHeM, nTO npa TaKoii no^CTaHOBKe KOHCTaHTa aHTerpapoBaHaa 
ne noaBJiaeTca b ypaBHeHnn Ha HOByio nepeivieHHyio 0. HHTerpaji // He CBa3aH 
c stoh no^CTaHOBKOH, ho KaK OTMenaeT ,HpaiH, TaKaa HHTerpnpyeMOCTb CBa3aHa 
c caivioconpajKeHHOCTbio ypaBHeHHa (|6|). Hcnojib3ya ypaBHeHne (JBJ), nonyaaeM hto 
^eiicTBHTejibHO, ypaBHeHne (0) JierKO HHTerpnpyeTca, nocKOJibKy npHHHMaeT BHa, 

w zz + w 2 z = /W 2 - 

Bo3Bpaniaacb Ha3aa,, k nepeivieHHbiM (x, \l/), nonyaaeM (popiviyjiy aaa 

X 

» ± fc A) = VRi^X) exp/||^. (9) 

PenieHne nojiyaeHO, ho c TOHHOCTbio ap pemeHna ypaBHeHHa (JEJ. 3to ypaBHeHne Toace 
xoponio H3BecTHO. B HacTHOCTH, hto ero npaBaa aacTb 6yaeT hojihhomom no A, ecjin 
TaKOBbiM SyaeT (pyHKixna R(x;X). TaKaa nojinHOMnajibHaa (popiviyjia aaa R(x;X), KaK 
«xopoinnn» aH3an,, H3BecTHa b coBpeMeHHon jinTepaType. 06 stom ace nnineT n /Jpain. 
3a6eraa Baepea, (cm. § 6.3) CKaaceM, aTO 3aBncnM0CTb ^-(pyHKiinn ot A apBOJibHO cjio>KHa, 
KaK 3to mojkho BnaeTb H3 M03P hjih oSmen TeopHH KOHeaH030HHoro HHTerpnpoBaHHa: 
OHa onncbiBaeTca Ha a3MKe O-cpyHKHnn n a6ejieBbix HHTerpajiOB. 

TeM He MeHee mm xothm noKa3aTb, hto h stot aH3an; MeToanaecKH bmbojthm, ecjin 
npoapaacaTb npnaepacHBaTbca Haeojiornn HHTerpnpyeMOCTH b KBaapaTypHoft cpopMe. 

6. KAK n05IBJ15IETC5I OYHflAMEHTAJIbHblH nOJIHHOM nO A? 

6.1. 3aBHCHMOCTb cpyHKi^HH R ot A. Mbi paccMaTpnBaeM ypaBHeHne (1) KaK 
aare6paaaecKoe (nojinHOMnajibHoe) no A n aiKpcpepeHiiaaabHoe no x. He oScyacaaa 
OT^ejibHO, SyaeM caaTaTb Bee 3aBncnM0CTn (pyHKHaa R n ^ ot nepeMeHHbix (A, x) 
aHajiHTnaecKHMH. 3aaaaT KaK \1/ TaK n R pa3aoataMM b paaM JlopaHa-Tenjiopa no 
nepeMeHHon A. IlocKOJibKy mm aoraaecKa npnnijin ot ^-(pyHKiiaa k (pyHKiiaa R, 
HannnieM aaa Hee, KaK n aaa jiioSoh aHajiHTHaecKoii (pyHKHiin BOo6ni;e, paa, JlopaHa. 
B KaaecTBe tohkh A , b OKpecTHOCTH KOTopoii mm HaMepeBaeMca pa3JiaraTb (pyHKHHH, 
mojkho B3aTb jno6yio KOHeaHyio TOHKy njiocKOCTH (A). Ho b TaKHx cayaaax Bee 
aaabHefiniHe (popMyjibi SyayT coaepacaTb 3Ty «HopMHpoBOHHyio» (hjih «HaaaabHyio») 
ToaKy A . HtoSm H36ea<aTb SToro, mm 6epeM ToaKy A = oo, nojiyaHB npa stom 
pa3Jioa<eHHa, cnpaBeaaaBbie Bcaoay b KOHeaHoft aacTH njiocKOCTH (A). JJp6a,BHM npa 
3tom, aTO Syayaa nojiHHOMaajibHMM no A, Hanie ypaBHeHne (1) HMeeT eaaHCTBeHHyio 
ocoSeHHOCTb Ha SecKOHeaHOCTa. Hhmmh cjiOBaMn, sto o6T>acHaeT BbiaeaeHHyio pojib 
tohkh A = oo, a pa3JiojKeHHa caeayeT SpaTb HMeHHO b ee OKpecTHOCTH 5 . BnepBbie TaKne 
pa3JioaceHHa CTajin aeaaTb TejibcpaHio; h ^hkhh (1975), ho mm otmcthm hto sth paaM 

5 Ecjih 6m cneKTpajibHaa 3a#aHa co^epjKajia 6m oco6eHHOCTH b HeKOTopbix KOHeHHbix TOHKax , BMine 
npHBefleHHbie paccyjK^eHHfl cne^OBajio 6m BiifloiraMeHHTb h paccMaTpnBaTb pa3Jio»ceHHfl b okpgcthocth 
3thx oco6eHHOCTeii. B cobpgmghhmx Teopnax Taxne cjiyHan BCTpe^aiOTca h cooTBGTCTByiOT TeopnaM c 
Tax Ha3MBaGMMMH MHoroTOHeiHHMi (pyHKn;HflMH BeHKepa-AxHe3epa. 
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cjie^yeT paccMaTpnBaTb He KaK (popMajibHbie, a KaK peajibHbie aHajiHTHnecKne pa^bi: 

R(x; A) = Ro(x) + R^x) ( + R 2 {x) ( 2 + ■ ■ ■ + R k (x) ( k + ■ ■ ■ , r^e C = T - 

A 

/Jajiee b Teopnn xoponio noaBjiaiOTca xopoino H3BecTHbie peKyppeHTHbie cooTHonieHHa Ha 
K03(p(pHn,HeHTbi Rk, HHTerpajibHbiH onepaTop peKypcnn, ^H(p(pepeHn,HajibHbie nojiHHOMbi 
no u{x) h t. n. Mm He Sy^eivi o6cyjK^;aTb sth ^eTajin, ho npoflOJi>KHM cjie^OBaTb ochobhoh 
MOTHBannn . Be3 noTepn o6hi;hocth (!), oSmnii bh^ 3aBHCHMOCTH (pyHKnnn R ot o6enx 
nepeivieHHbix nojiynaeTca cjie,u;yioiHHM 

R(x;X) = 1 - Qu - c x V - Q«« - ^m 2 + \c l u- c 2 )c 2 H ■ 

HoBbie KOHCTaHTbi Ck noHBHJincb, TaK KaK peKyppeHunn co^epjKaT HHTerpnpoBaHHe no x 
Ha Ka^K^OM mare. Otmcthm noKa, hto cnnTaa noTeHnnaji u(x) 3a(pHKcnpoBaHHMM, Bca 
3aBHCHMOCTb ot Bcex nepeMeHHbix (pyHKunn R, BKjnonaa 3aBHCHMOCTb ot Tpex KOHCTaHT 
HHTerpnpoBaHHfl Ci.2,3 ypaBHeHHa Ipjl . KOTopoMy OHa y^OBjieTBopaeT, coflepaiHTca b stoh 
(popiviyjie h b KOHCTaHTax Cfc. BejiHHHHa fx Toace 3aBHCHT ot Ci 2,3, jihSo ee mojkho cnnTaTb, 

B 3aBHCHMOCTH OT BblSopa (^2,3, OflHOH H3 3THX KOHCTaHT HHTerpHpOBafflia. Bee 3TH 

3aBHCHMOCTH noKa cjio>KHbi h HeH3BecTHbi, a noTeHnnaji u(x) coBepnieHHO npoH3BOJieH 
h orpaHHneH jihhib TpeSoBaHHeM 6biTb aHajiHTHnecKOH (pyHKniieii. AHajiHTHHHOCTb Bcex 
(pyHKHiin mm Sy^eivi noflpa3yivieBaTb BCiofly n b ^ajibHenmnx paccyacfleHnax. IIoflCTaBHB 
nocjieflHee pa3Jioa<eHHe b ypaBHeHne (jHJ) mm nojiynnivi 

( fi 2 = 1 + 2 c x C, + (2 c 2 + cf)( 2 + 2 (c 3 + c^gJC + • • • + ocTaBHiaaca aacTb, 

r^e «ocTaBniaaca aacTb» 03HanaeT Te cjiaraeMbie, KOTopbie coaepacaT noTeHnnaji u(x) 
h ero npoH3BO^,Hbie vS k \ KjnoaeBbiM momghtom aBjiaeTca to, hto ap Tex nop noKa 
(pyHKinia R onpeaeaaeTca SecKOHeaHMM paapM no A, t. e. TpaHcneHaeHTHa, nepBaa 
nacTb, coaepacamaa tojibko KOHCTaHTbi c k , b nocjieaHeM ypaBHeHHH 6yaeT 6ecKOHenHa. 
BecKOHenHbiM 6yaeT n nopaapK npon3BoaHbix ot u bo BTopofi nacTH. Becb stot paa,, 
no nocTpoeHHio, ecTb KOHCTaHTa (/j 2 , a TpeSoBaHne 6biTb KOHCTaHTon npn jno6bix A 
roBopnT o tom hto KOHCTaHTon 6yaeT Kaacabift KOScpcpnnneHT nepea, (. OaHHM cjiobom 
Bca 3aBHCHMOCTb ot u(x) yxoanT b 6ecKOHenHOCTb. B to a<e BpeMa BnOJIHe nOHaTHO, 
hto KBaflpaTypHaa HHTerpnpyeMOCTb HMeeT MecTO He npn jiioSmx noTeHnnaaax. HtoSm 
nojiyaHTb ycjiOBHa Ha noTeHnnaji KOHeaHoro nopaaKa (h aaate noayanTb xoTb KaKne-TO 
ycjiOBHa) mm npnxoflHM k eaHHCTBeHHoii Heo6xo^HMOCTH: nojioJKHTb paa, KOHeaHMM. 

• OyndaMeHmajihuaH (pyuKi^UH R(x; A) dojiotcna 6umb uoauhomom no A: 

R{[u\; A) = \ 9 + i?i(M)A 9 - 1 + ■ • ■ + Rg-i([u])X + R g ([u]). (10) 

HannHaa c SToro MOMeHTa mm 6y^;eM OTMenaTb 3aBncnMOCTb (pyHKn^nn R ot x 
KaK R([u];X) HMea BBn^y to hto OHa CTaHOBHTca ,n;H(p(pepeHii;HajibHMM hojihhomom 
ot noTeHnnajia. TaKHM o6pa30M nojinHOMnajibHOCTb stoh (pyHKi^nn ecTb He npocTO 
npocTenniaa 3aBHCHMOCTb, ho h e^HHCTBeHHaa bosmojkhoctb. J\jih cnpaBOK npnBe^eM 
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pexyppeHTHbie (popMyjibi fljia KOScpcpninieHTOB R^: 

9 g-n 

R([u}; \) = J2 * n E c i R 9-n-h Co = R = l, R x = -^ 

n=0 j=0 

1 ^ „ , 1 

Rk = g ^ (^-^j Rk-j-i - R'j R'k-j-i — ^Rj Rk-j — 4:uRj Rk-j-i) — 2 u Rk-i (k > l). 



2 U ' 



6.2. IloaBjieHHe ajire6paHHecKoft kphboh. O^HOKpaTHO npoimTerpiipoBaHHaa 
(popivia (jHJ) flH(p(pepeHii;HajibHoro ypaBHeHna © CTaHOBHTca Bbipa>KeHHeM Bii^a 

^2 = + /i(Cfc) A 2, + . . . + hg{M . ^ A + J 2g+1 ( N; Cfc ). (11) 

Ecjih no npejKHeiviy canTaTb /i BejiHHHHoft He 3aBHcameft ot A, Tor^a BbipajKeHne (fTTjl 
6y^;eT npeflCTaBJiaTb co6oft ^HcpcpepeHHiiajibHoe ypaBHeHne Ha noTeHHnaji, coflepacamee 
A. 3to He flonycTHMO, TaK KaK noTeHnnaji He flOJi>KeH 3aBHceTb ot A. 3HannT 
BejinnnHa \i flOJi>KHa CTaTb 3aBncnMoft ot A nocpe^CTBOM SToro ypaBHemia, a caMO 
A no npe>KHeMy ocTaeTcn npon3BOJibHbiM. Cjie^OBaTejibHO Ka>K^bin K03(p(pHnneHT 
flOJiJKeH 6biTb KOHCTaHToii Ak He 3aBHcameft ot A n, tskhm o6pa30M, nopo>K^i,aTb 
,i],H(p(pepeHn,HajibHoe ypaBHeHne Ik([u];c) = KOHeaHoro nopa^Ka Ha noTeHiniaji. 3th 
ypaBHemia, KOTopbie Ha3biBaiOTca ypaBHeHHaMH HoBHKOBa, He npoTHBopeaaT ,o,pyr flpyry, 
t. k. mm 3HaeM hto HHTerpHpyeMbie noTeHHiiajibi cymecTByiOT (Hanpniviep, Bee cojihtohm). 
HaSop K03(p(pHii;HeHTOB Ik pacna^aeTca Ha ^Ba MHoacecTBa: KOHCTaHTbi c k h co6ctb6hho 
K09(p(pHii;HeHTbi Bbipa»caioni;HecH nepe3 noTeHiniaji u(x) h ero npoH3BOflHbie KOHeaHoro 
nopaaKa. 

Hto KacaeTca \i KaK KOHCTaHTbi HHTerpnpoBaHna, to ee 3aBncnMOCTb ot A yKa3aHHoro 
BH^a 03HanaeT Bbi6op Hacmnoso n noAUHOMuaAtHoeo penieHna ypaBHeHna ©. Ona 
3aBHCHT em;e n ot noTeHiniajia aepe3 KOHCTaHTbi Ak n c k . YpaBHeHne (jllj) npe^CTaBjiaeT 
coSoft nepBbin (pyH^aMeHTajibHbin o6T>eKT TeopHH KOHeaH030HHoro HHTerpnpoBaHHa: 
ajireGpanaecKyio KpHByio W(X,n) = 0, CBH3biBaioiHyio cneKTpaabHbift napaivieTp A h 
napaivieTp ii. B coBpeivieHHbix (popiviyjinpoBKax 3Ta KpHBaa, H3BecTHaa KaK cneKTpajibHaa 
KpHBaa, aacTO BbiCTynaeT KaK nepBHHHbift o6T.eKT, a aajibHeftmaa Teopna CTpoHTca no 
Heft aKcnoMaTnaecKH. 

6.3. CooTHOiiieHne ivieacfly ^-cpyHKipieH h cpyHKipieH R. Bo3mo>kho jih BbiBec™ 
TeopHio, BKJHoaaa ee aajibHeftniee H3JiojKeHne, Hcnojib3ya TOJibKO caivio ypaBHeHne (1) He 
npnSeraa k (pyHKinin Rl Ho Bceft bh^hmocth HeT. H3 ypaBHeHna (1) mm HMeeM, hto 
jiorapH(pMHaecKaa npon3BoaiiaH = yapBJieTBopaeT ypaBHeHHio PnKKaTH 

<fi x (x; A) + (j){x\ A) 2 = u(x) + A, (12) 

a BbipajKeHne 4> X + (J) 2 ecTb jiHHeftHaa (pyHKinin ot A. KaKoft b btom cjiyaae apji)KHa 6biTb 
3aBHCHMOCTb (f) ot A? IlpocTbie apraaKH He npHBOflaT k ycnexy, oaHaKO H3 (popMyjibi 

MA) + |^(M;A) 

0(X;A)= R([u];X) (13) 

mm BHflHM hto (j)(x; A) ecTb flOBOJibHO cnennajibHoro BHfla ajireSpanaecKaa (pyHKn,na ot A 
npHHaflJieacamaa rHnepsjuinnTHaecKoft Hppan,HOHajibHOCTH OTHonieHHe ancjiHTejia 

A*(A) + ~R X (\) h 3HaivieHaTejiH R(X). Kos(p(pHii;HeHTaMH b hhx HBJiaiOTca cjiojKHbie 
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3£ibhchmocth ot noTeHnnajia, a caM noTeHn,Haji y^OBjieTBopaeT HejinHeimbiM ypaBHeHHmi, 

COflep>KaiU,HM flOnOJIHHTejIBHbie KOHCTaHTbl Cfc. HhMMH CJIOBaMH, B TepMHHaX i?-(pyHKU,HH, 

A-3aBHCHMOCTb npocTa, a noflBjieHne caMOH stoh cpyHKniiH hbjihctch HeH36e>KHbiM 
aTpnSyTOM Teopnn. 

6.4. IlpHMepbi. B KanecTBe fleMOHCTpannn npnBe^eM nojiHyio (popMyjiy Korjj,a nopaflOK 
nojiHHOMa R paBeH eijHHHne (R([u]] A) = A — \ u + c 1 ): 

/i 2 = \ 3 + 2c 1 \ 2 + ^(u xx ~3u 2 + Ac 1 u + Ac 2 1 ) X-^(u~2c 1 )u xx + ^u 2 x + ^u(u-2c 1 ) 2 . 

IlpH c x = 3Ta cpopiviyjia npeBpamaeTCH b Bbipa>KeHHe (j3J). TaKon Bbi6op KOHCTaHTbi 
Bcer^a ,a,onycTHM. BejinnnHa A npon3BOJibHa n ee mcokho 3aMeHHTb Ha A — |c 1 . Ecjih 
TaKJKe cio;BHHyTb noTeHHnaji u — ■> w + | c x , to nonynHM b tohhocth (popMyjiy (jHJ) . 

CooTHonieHHH c) = Afc He npocTO npe^CTaBjiaiOT coSoii JXHCpcpepeHnnajibHbie 

ypaBHeHHa, ho ypaBHeHHH y>Ke Ha nojiOBHHy npoHHTerpnpoBaHHbie c KOHCTaHTaMH 
HHTerpnpoBaHHa A^. Ha6jno,n;eHHe HoBHKOBa coctohjio b tom, hto bto KaK pa3 
Ta nojiOBHHa HHTerpajiOB, KOTopaa Heo6xoijHMa b jinyBHJiJieBCKon HHTerpnpyeMOCTn 
HejiHHeHHofl raMHJibTOHOBofl CHCTeMbi. PaccMOTpeHHbifi HaMH npniviep g = 1 jierKO 
HHTerpnpyeTca h 6e3 bchkoh Teopnn. Ilojiaraa c x = —>■ I\ = 0, nonynaeM 

I 2 ([u]) = A 2 : u xx -3u 2 = AA 2} h([u]) = A 3 : -^uu xx + -^u 2 x + ^u 3 = A 3 . 

IloflCTaBJiaa u xx H3 o^hoto HHTerpajia b ^pyrofi h HHTerpnpya, npnxo^HM k cpyHKHnn 
BenepinTpacca u(x) = 2p(x + a;g 2 ,g 3 ), r^e KOHCTaHTbi A 2 ^ 3aivieHeHbi hobmmh 
KOHCTaHTaMH g 2 3 . 3to xoponio H3BecTHaa KHOH^ajibHaa BOjma KopTeBera-^e <Dpn3a, 
nacTHbiM cjiynaeM KOTopofi HBJiaeTca cojihtoh. 3Ta ace napa ypaBHeHHH Ha noTeHnnaji, 
nocjie ^HCpcpepeHinipoBaHHa Jiio6oro ypaBHeHHH H3 Hee, t. e. HCKjnoneHHH KOHCTaHT A 2 ^, 
SKBHBajieHTHa oflHOMy ypaBHeHHio u xxx — Quu x = 0, KOTopoe coBna^aeT co CTannoHapHon 
Bepcneii ypaBHeHHH KpfD (2). 

C poctom CTeneHH nojiHHOMa R cpopMyjibi 6biCTpo pa3pacTaiOTca, ho Becb nponecc 
JierKO ajiropHTMH3HpyeTca. ,Hjifl CTeneHH g = 2 nonynaeM BbipajKeHHH Tnna cjie^yiomHx 

fi 2 = A 5 + 2 Cl A 4 + (2 c 2 + c\) A 3 + 

+ {u xxxx - I0uu xx -5ul + Wu 3 + Ac l {u xx - 3u 2 ) + lGc 2 (u + 2^)) A 2 ^ 

YpaBHeHne HoBHKOBa, KOTopoiviy yzjOBJieTBopaeT noTeHHnaji, HMeeT 3flecb bhjj; 

u xxxxx — 10 u u xxx — 20 u x u xx + 30 u 2 u x + 4 c x {u xxx — 6 u u x ) + 16 c 2 u x = 0. 

B oSmeivi cjiynae CHTyan;Ha Bbirjia^HT aHajiornnHO. (pHKcnpya CTeneHb nojiHHOMa paBHoii 
g, nojiyaaeM CTaHHOHapHoe ypaBHeHne HoBHKOBa nopaflKa 2g + 1 c flonojiHHTejibHbiMH 
KOHCTaHTaMH c fc (ho 6e3 KOHCTaHT Aj,). YpaBHeHne kphboh ()11|) coia;ep>KHT g KOHCTaHT c k 
h g + 1 KOHCTaHT Ak — HHTerpajiOB ypaBHeHHH HoBHKOBa. 3to ypaBHeHne mojkct 6biTb 
nepenncaHO b raMHJibTOHOBoii (popMe KaK ^HHaMHHecKaa CHCTeMa no nepeMeHHon x c 
pa3MepHOCTbio (pa30Boro npocTpaHCTBa paBHOH 2g. OHa HHTerpnpyeMa no JlHyBnjiJiio. 
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6.5. 3KBHBajieHTHOCTb «JIHHeHHOH» H « He JIHHeHHOH » HHTerpHpyeMOCTH. 

rjiaBHblH BblBOfl, KOTOpblH MM CeHHaC HMeGM, COCTOHT B TOM HTO Tpe60BaHHe 

KBa^paTypHoii HHTerpiipyeMOCTii auhcuhoso ypaBHeHHa (1) CBejiocb k ycjiOBHaM Ha 
noTeHHiiaji b BH^e KBa,npaTypHOH HHTerpnpyeMOCTH HejiuneuHux ,zi;H(p(pepeHHHajibHbix 
ypaBHeHHfi HoBHKOBa. riocjie^HHe »ce aBJiaiOTca raMHJibTOHOBOH CHCTeMofl (cm. (popMyjibi 

B CJ). 

BajKHO OTMeTHTb, hto Ha ,u;aHHbiH MOMeHT npoSjieMa eme He penieHa, ^ajKe npn 
HajiHHHH (popMyjibi (jnj) flJia \l/-(pyHKHHH. Ee cjie^yeT paccMaTpHBaTb KaK ansav, h 
TaKOBbiM OHa 6y^eT ocTaBaTbca ,a,o Tex nop noxa He 6y^,eT npeflT.aBjieHa KBa^paTypHaa 
(popMyjia fljia noTeHipiajia u(x), Bxo^,am,ero b (pyHKnrno R. PenieHne ypaBHeHHa (1) 
npn jik>6om noTeHipiajie 6y^eT hmstb bh^ 0. IlojiOBHHy HHTerpajiOB mm y>Ke HMeeM. 
Bo3mojkho jih H3BjieHb ocTaBHiyioca h, ecjiH ,a,a, to, KaK Bbirjia^HT OTBeT? 3a6eraa 
Bnepe^ CKajKeM hto HaM npeflCTOHT npnftTH k 3a^ane o6pameHHa 5Iko6h, 3HaMeHHTbiM 
TOJKflecTBaM cjie^OB h nepeMeHHbiM j k . B-cpyHKHiin nocjieflyiOT KaK npe^CTaBJieHna fljia 
penieHHH. 

7. KAK n05IBJ15IIOTC5I KOPHH OYH^AMEHTAJlbHOrO nOJIHHOMA 

HecMOTpa Ha to hto Hanin ypaBHeHHa HanojiOBHHy npoHHTerpHpoBaHbi h HanncaHa 
(popMyjia ,n;jia \I/-(pyHKHHH mm BepHeMca k nepBHHHMM oSteKTaM ()12|) h ()13|). Ohh He 

CB5I3aHM HH CO CBOHCTBaMH nOTeHHHajia 6bITb HHTerpHpyeMMM, T. e. KOHeHH030HHMM, 
HH C nOJIHHOMHajIbHOCTbK) (pyHKHHH R([u]] X) . YpaBHeHHe PHKKaTH (fT2j) c yneTOM 

noaBHBHieHca cpyH^aMeHTajibHOH (pyHKHHH R HMeeT bh^ (no^CTaBJiaa ()13|) b ()12|) ) 

u 2 1 R" 1 R' 2 

ff + 2ir-4i? = "W +A ' (15 » 

/JaHHoe ypaBHeHne (t. e. ypaBHeHne (JEJ)) eme He npoHHTerpHpoBaHO. Ho Bcefi bh^hmocth 
/Ipani pyKOBO^CTBOBajica paccyac^eHHaMH, KOTopbie H3JiaraiOTca HHJKe (cm. nepeBO^ ero 
btopoh CTaTbn). OTMeTHM eme pa3, hto BejiHHHHa /z, b ^aHHMH momcht, KaK KOHCTaHTa 
HHTerpnpoBaHHfl He 3aBHCHMa, b nepByio oaepe^b ot A. 

PaccMOTpHM (popMyjiy (fT5j) KaK (pyHKiniio ot A. Ee npaBaa aacTb ecTb jiHHenHaa 
(pyHKinia ot A. TaKOBoft }Ke flOJiacHa 6biTb h jieBaa aacTb, KOTopaa oflHaKO MOJKeT 
o6pamaTbca b 6ecKOHenHOCTb b TOHKax A&, r^e R o6pamaeTca b Hyjib. TaK KaK A 

npOH3BOJIbHO (!), MM MOJKeM yCTpeMHTb A K 3THM TOHKaM He 3aBHCHMO OT TOrO, 

hto caMH 3th tohkh Afc = 7fc(x) aBJiaiOTca cpyHKHiiaMH nepeMeHHofl x, KOTopaa 
BMCTynaeT 3,a,ecb KaK napaMeTp. KojinaecTBO sthx Hyjiefi cpyHKnrra R TO>Ke He HMeeT 
3HaneHHa. Hx MO>KeT 6biTb KOHenHoe hjih SecKOHeaHoe hhcjio. Bee 3aBHCHT ot Toro 
HacKOJibKO «xoponiHM» BbiSpaH noTeHipiaji. TaKHM o6pa30M HaM cjie^yeT HanncaTb 
A-pa3Jio>KeHHa Bbipa>KeHHa (|15|) b OKpecTHOCTH Ka>K^oro Hyjia 7fc(x) h noTpeSoBaTb 
oSpameHna KajK^oro K03(p(pHHHeHTa b hojib. BajKHO OTMeTHTb, hto flaHHoe paccy>KfleHHe 
coBepnieHHO He3aBHCHMO ot npe^bmymero naparpacpa h mojkct npeflniecTBOBaTb eMy. 

TaM MM npHHIJIH K nOJIHHOMHajIbHOCTH (pyHKIl^HH R H ypaBHCHHaM HOBHKOBa Ha 

noTeHii;Haji. 3^;ecb me, pa3Jio>KeHHa fljia KajK^oro Hyjia npHBe^yT k caMOCToaTejibHMM 

yCJIOBHaM Ha X-3aBHCHMOCTb (pyHKIl^HH R([U]] A) nOCpe^CTBOM HOBMX BejIHHHH 7fc(x). TaK 

KaK ypaBHeHne ()15|) ecTb ^,H(p(pepeHn,HajibHoe ypaBHeHne Ha R, to sthmh ycjiOBHaMH 
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flOJi>KHbi CTaTb ^H(|)(|)epeHn,HajibHbie ypaBHeHna Ha nepeMeHHbie 7 fc . Ecjih Hyjien KOHenHoe 
hhcjio, to KOHe^HbiM 6y,a,eT h KOJinnecTBO TaKHx ypaBHeHHH. Tapani 3aMeTHJi, hto sthx 
ypaBHeHHH 6y,a,eT g niTyK, Bee ohh nepBoro nopiynxa, aBTOHOMHbi h hbho HHTerpnpyiOTCfl. 
TaKHM o6pa30M (pyH/iaMeHTajibHOCTb -R-cpyHKniin /TBoaKa: nojiimoMiiajibHOCTb no A 
BJieneT neo6xoduMue ycjiOBiia HHTerpnpyeMOCTH, a Hyjin 7 fc peajiH3yiOT docmamouHocmb , 
t. e. npoHe/rypy HHTerpiipoBaHna. 

8. llPOLlEflyPA HHTErPHPOBAHHfl 

CyMMHpya npejibijrymee mm HMeeM nojinHOMnajibHyio (pyHKHino 

R([u];\)= (A- 7l (x))---(A- 7g (x)), 

nocjie nero ypaBHeHiie kphboh (jHJ), Sy/rynH /rncpcpepeHnHajibHMM ypaBHeHiieM 2-ro 
nopa^Ka Ha (pyHKnino R, b CHJiy npoH3BOJibHOCTH A (!), pacmenjiHemcn Ha g+1 ypaBHeHHH 
Ha noTeHHiiaji (jlljl . flaBaa npn stom HHTerpajibi ypaBHeHna HoBHKOBa. 3th ypaBHeHna 
noflJie>KaT jiajiBHeHineMy HHTerpHpoBaHHio. HtoSbi H36e>KaTB H3JiHHmeH o6hi,hocth mbi 
onnnieM flajiBHeHHine fleftcTBna Ha HeTpnBHajiBHOM npHMepe, Kor^,a g = 2. 06o6in,eHHa 
Ha npoH3BOJiBHbie g He cocTaBjiaiOT HHKaKoro Tpy^a. 

SaivieTHM tojibko hto cjiynan g = 1 b ^eiicTBHTejibHOCTH He noKa3aTejieH h sjieivieHTapeH 
b tom CMbicjie hto BOoSnxe He TpeSyeT HHKaKHx Teopnii, TaK KaK HeT Heo6xoflHMOCTH 
bbojthtb nepeMeHHyio 7: KaK mm Bn/rejiH paHee, ypaBHeHne HoBHKOBa b stom cjiynae 
HHTerpnpyeTCH cpa3y. BepoaTHO no 3toh npnnnHe stot cjiynan jjpjiroe BpeMa ocTaBajica 
eflHHCTBeHHMM 3bho npoHHTerpHpoBaHHMM npHMepoM. 

8.1. HHTerpnpoBaHHe cjiynaa g — 2, HannnieM cpopMyjiy 

R([u]; A) = A 2 + f Ci - ^ u) A - - u xx + | w 2 - ^ + c 2 = 

= (A - 71 (x)) (A - 7 2 (») = A 2 - (7 1 (x) + 7 3 (x)) A + 7i(^)7 2 (^) 
H3 KOTopofi cjie/ryeT CBa3b Me>Kfly noTeHnnajiOM h hohbhbihhmhch nepeMeHHMMH 7 X 2 (x) : 

ci - = -7 x (x) -7 2 (x). (16) 

3to 3HaMeHHTaa (popMyjia cjiejroB. Ecjih 6y,n;yT Han/reHbi BejinnnHM 7 12 , to noTeHnnaji 
Haxo^HTCH no 3toh cpopMyjie. ynoMHHyTbie ycjiOBna Ha x-3aBHCHMOCTb (pyHKiiHH R nepe3 
BejiHHHHM 7i i 2(a^) u36JieKawmcsi U3 ypaenenusi npueou, t. e. cpopMyjibi (|TT| hjih, hto 
y,a,o6HeH, H3 f)15j) . IlocKOJibKy mm Haxo^HMca b KOHenH030HHOM cjiynae, BejinnnHa [i 
3aBHCHT ot A h b npe,r;ejie A — > 7 fc (x) CTaHeT ajireSpannecKOH (pyHKniieii jj — > ^(x), 
onpe^ejiaeMon ypaBHeHHeM kphboh f)14|) : 

^(*) = 7*0*0 + 2 c l7 , 4 (x) + (2 c 2 + c 2 ) 7 |(x) + A 37fc 2 (x) + A ilk (x) + A 5 = 

= ( lk (x)-E 1 )---(<y k (x)-E 5 ). 

Pa3Jiaraa ypaBHeHne (JTKj) b OKpecTHOCTH ToneK 7 12 (x) nojiynaeM 

l( 7l -7 2 ) 2 "4 7l j (A- 7l )2-\( 7l _ 72 )3 + 2 7l - 2 77^I (A^7T) + '""°' 
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' 72 ? 77 -Ta - i 77 7T73 + o 72 - o 7 ~ ? m I~T + ' ' ' = °> 



(7 2 "7i) 2 4' 2 j(A-7 2 )2 l( 72 -7i) 3 2 ' 2 2 72 - 7l j (A - 7a ) 
rfle MHoroTonna 03HaHaiOT Bbicmiie HJieHM pa3Jio)KeHHH, co^;ep»caiii;He 7l 2 , 7i 2 > 7i 2 H caM 
noTeHipiaji w(x). CTapnrae HjieHbi pa3Jio>KeHna ,a,aiOT 

dx 7i - 7 2 dx 7 2 - 7 X 

3to ^H(p(pepeHn,HajibHbie aBTOHOMHbie ypaBHeHPia nepBoro nopa,a,Ka ypaBHeHiia, 
H3BecTHbie KaK ypaBHeHiia ,I[y6poBHHa. BaxcHbiM pe3yjibTaTOM /Jpania aBJiaeTca to hto 
ohh jierKO HHTerpnpyiOTca. B caMOM ^ejie, 3anncbiBaa hx b Bime 

d 7l 2 dx d r y 2 2 dx 



nojiyaaeM, hto 



V\ 7i-7 2 ^2 7 2 -7i 



XoTa eine He acHO KaK Bbiraa^aT (pyHKHHH 7l2 (x) mm nojiyanjiH rjiaBHoe — bth 
ypaBHeHiia yxce Bbirjia^aT KaK unmespupyeMue e HeonpedeAennux Keadpamypax : 

7i 7 2 7i 7 2 

dA /"dA /"Ac/A /" AdA , . 

7 + /7 = <1 " } — + } — = 2x + a >- (18) 

IIpoiTAirypa HHTerpiipoBaHaa 3aBepnieHa: noaBHjiacb flBe He^ocTaiomHe KOHCTaHTM 
HHTerpiipoBaHPia a 12 , a caMii Bejiii^HHM 7 12 , KaK cpyHKnrra ot x, Haxo^aTca nyTeM 
o6paw j eHUH sthx HHTerpajiOBi BepxHiie npe^ejibi 7l 2 cjie^yeT onpe^ejiHTb KaK (pyHKHHH 
ot 3HaaeHHfi flByx cyMM HHTerpajiOB a l h 2x + a 2 . B ypaBHeHHax (|18jl BejiHHHHa // = A*(A) 
onpe^ejiaeTca cpopMyjioii 



±y/(X-E 1 )---(X-E 5 ) (19) 



h, TaKHM o6pa30M, Bee HHTerpajibi aBJiaiOTca aSejieBMMH HHTerpajiaMii npHHa,zi;jie:»<:aiHHMH 
3toh rnnepsjuinnTHaecKOH nppaHHOHajibHOCTH. HeTpyznro ^ora^aTbca hto flajibHeftniHe 
MJieHM pa3Jio>KeHHa ypaBHeHna (fTBj) y^OBJieTBopaiOTca aBTOMaTHHecKH . B 
fleflcTBHTejibHOCTH ohh onpe,n;ejiaiOT nojiHyio coBOKynHOCTb cooTHOineHHH Mempj 
nepeMeHHMMH u(x) , j k (x) , j' k (x) , j k (x) . B 3tot Ha6op BOH,n;yT KaK ypaBHeHna /J^pania- 
,I[y6poBHHa (|17)l TaK h cpopMyjia cjie^OB (fT6|) . He3aBiicnMO ot Toro hto OHa y>Ke 
H3BJieKJiaCb H3 nOJIHHOMa R. <J>opMyjibi flTfiHTTIl npe^CTaBjiaiOT, iiomhmo ypaBHeHna 
KpiiBoii (j!9|) . ^pyrne ,a,Ba cpyHflaMeHTajiBHbix o6T>eKTa Teopnn KOHenHOSOHHoro 
HHTerpHpoBaHHfl. 

8.2. 06nj;ee peniemie 3a,a;aHH. rioflHTOJKHM pe3yjibTaTM BbinncbiBaa cpopMyjibi fljia 
npoH3BOJibHoro g. HHTerpupoBaHiie b HeonpeflejieHHbix KBa^paTypax cneKTpajibHOH 
3a^aaH, onpe^ejiaeMofi ypaBHeHneM nipe^HHrepa (1), bo3mo>kho tojibko b cjiynaax Kor^a 
(pyHKii;Ha-noTeHii;Haji u(x) y^OBJieTBopaeT ^H(p(pepeHii;HajibHMM ypaBHeHiiaM HoBHKOBa 
I([u); c) = Ak, (pnrypnpyioinHM b ypaBHeHiin ajireSpanaecKOH kphboh ()11|). PeineHHe- 
aH3an, ^jia \l/-(pyHKD;nn ,a,aeTca BbipajKeHHeM 0, b kotopom cpyHKn,Ha R([u}; X) aBjiaeTca 
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nOJIHHOMOM ((EH) . BMecTO noTeHnnajia u(x) b ^aHHyio (pyHKiniio h (popMyjiy @ one^yeT 
noflCTaBHTb (popMyjiy cjieflOB 

9 2g+l 

U = 2^7 fe (x) - ^ £ fc , 

fe=l fe=l 

b KOTopoii (pyHKHHH 7 fc = ^f k (x) onpe^ejiaiOTca H3 penieHna 3a^;aHH o6pameHHH 5Iko6h 

7i 7 S 

dX f dX 

— + •■■+/— = % 

XdX fXdX 

+ •■■+/ =a 2 (20) 



Ti 7 9 

+ • ■ ■ + / = a 9 + 2 . 

A* J V 

fljia rnnepsjuinnTHHecKOH ajire6paHHecKOH kphboh 

M 2 = (A- J B 1 )---(A- J E; 2ff+1 ) (21) 
OKOH^aTejibHaa \l/-(popMyjia b KOTopyio npeBpam;aeTCH ynoMHHyTbiii aH3an; (JHJ) HMeeT bh^ 

f w ± a dz f w ± u, dz \ 

/ \ — + ■••+ / £ — > , 22 

J z — X w J z — X w \ 

Tpp w = w(z) CBa3aHO c nepeMeHHOH HHTerpnpoBaHHH cooTHOineHHeM w 2 = (z — 
Ei) ■ ■ ■ (z — E 2g +i). 3Ta (popMyjia no Been bh^hmocth OTcyTCTByeT b jiHTepaType, ho 
noHTH noaBHjiacb y /Jpania. OcTaeTca 3aMGTHTb, hto OHa mokct SbiTb npoBepeHa npaMOH 
noflCTaHOBKofl b ypaBHeHne (1) h iicnojib30BaHHeM (popiviyjibi cjie^OB h ypaBHeHHii ^pania- 
^yGpoBHHa 

dl k _ 2 V(7 fc ~ g) • • • (7 fe - fffr^ij 

ri(Tfc - ij) 

KOTopbie hbjihiotch npocTO ,n;H(p(pepeHHHajibHOH cpopMofi HHTerpajibHoft 3a,n;aHH 
oSpameHHH (j2"Uj) . CaM noTeHiniaji onpe^ejiaeTca flonojiHHTejibHbiMii KOHCTaHTaMH c l , 
Bxoflanj,HMH b ypaBHeHPia HoBHKOBa. riocjie^HHe, KaK ypaBHeHiia nopa^Ka 2g + l, HMeiOT b 
KaaecTBe HHTerpajiOB g+1 K03(p(pHiiHeHTOB kphboh A k n g bgjihhhh a x (pHrypHpyionnix 
b 3a^ane 5Iko6h (1271J) . 

,Ho6aBHM eme hto HeT Heo6xo;iHMOCTH b OT^ejibHbix (popiviyjiax ji,jih BepxHHx npe/xejiOB 
7 fc (x) aSejieBbix HHTerpajiOB (|20jl . JJ,Jin penieHna 3a^ann ^ocTaTOHHO 3HaTb Jinnib 
cyMMy 9thx BejiHHHH. rioflo6Hbie CHMMeTpnaecKHe Bbipa»ceHHH, KaK h BceB03MO>KHbie 
paHHOHajibHbie CHMMeTpHnecKne KOM6HHaHHH BejiHHHH r ) k h v k , KaK (pyHKHiin ot 
3HaaeHHH HHTerpajiOB, Ha3biBaiOTCH a6ejieBbiMH (pyHKiniHMH h BbipajKaiOTca nepe3 0- 
(pyHKn,HH PniviaHa. CaMa \I/-(pyHKHHH, hbjihhcb CHMMeTpHHecKoii no nepeMeHHbiM 7 fc (x), 
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He ABjiaeTCfl a6ejieBofl (pyHKiiHeii 6 , ho Toxce ,a,onycKaeT npe^CTaBjieHHe b TepMHHax G- 
(pyHKn,HH. Taxaa ^-(pyHKnna, b KOTopofi A-3aBHCHMOCTb (pnrypnpyeT KaK nepBHHHaa 
(cneKTpajibHbiH no,a,xo,a;) , ax — napaivieTp, Ha3biBaeTca (pymcnHeH BeiiKepa-AxHe3epa. 
,Hjih cjiynaa g = 1, b npHHHTOH Bbinie HopMHpoBKe c x = 0, mm nojiynaeM otbct 

7 

f d\ 

u — 2j(x), riie / . = = 2 x + 2 a, 

KOTopbin SKBHBajieHTeH cpopMyjiaM c (pyHKinieii BeHepiHTpacca: 7 = p(x + 
a; -4A 2 ,-4A 3 ). 

9. npoi^EflypA obpalu;ehh5i 

Boo6nxe roBopa, HeTpHBHajibHbin momght, CBa3aHHbiH c o6panieHHeM aSejieBbix 
HHTGrpajiOB, HMeGT jiHnib Kaotcyim/wctt cjiojkhoctb. Oh Hen36e>KHO npncyTCTByeT 
,a,a>Ke b npon,e,nype HHTerpnpoBaHHa TpHBnajibHoro noTeHiniajia u(x) = const. Upm 
3tom coBepnieHHO He Ba>KHO KaKHMH cpe^CTBaMH ocymecTBjiaeTca HHTerpnpoBaHHe 
nocKOJibKy HeT BbiflejieHHofi porn 3aBHCHMbix/ He3aBHCHMbix nepeivieHHbix. B caMOM ^;ejie, 
npoHHTerpnpyeM ypaBHeHne 

= AV, 

cooTBeTCTByiomee nocTOHHHOMy noTeHiiHajiy, sjieivieHTapHbiMH cpeflCTBaMH 6e3 
npHBJieneHHa KaKHX-Jin6o Teopnii, ho He BBOfla HHKaKHX «hobmx» (pyHKiiHH THna sin 
hjih arcsin. ^OMHOJKaa 3to ypaBHeHne Ha h HHTerpnpya, nojiynaeivi \1/ /2 = A^ 2 + C\. 
Pa3,a,ejiaa nepeMeHHbie HMeeM 

. = = [dx + Co- 

YpaBHeHne npoHHTerpHpoBaHO. IIpHBjieKaa pai^uonaAbHyw 3aMeHy nepeMeHHOH — ► z 
THna = c(z + z~ r ) (napaMeTpH3an,Ha OKpysorocTn) , nocjie ajireGpannecKHx flencTBHH 
npnxoflHM k HeoSxo^HMOCTH BbiHHCJiaTb h o6paw i am'b HHTerpaji: 



z 

dz 

z 



adx -> In z = ax + b ... -> * ± = e ±VAx . 



Hhmmh cjiOBaMH, b 3tom npe,a,ejibHO BbipojK^eHHOM cjiynae aSejieBbi HHTerpajibi He 
B03HHKaiOT, a TOHHee, B03HHKaiOT mpueuaAbHue a6ejieBbi HHTerpajibi — HHTerpajibi ot 
pan,HOHajibHbix (pyHKiiHH, KOTopbie Bcer^a 6epyTca b jiorapncpMax. KaK co6ctb6hho b 
KOHeHH030HHOM cjiyaae, TaK h b pacciviaTpHBaeMOM npniviepe, ypaBHeHHa HHTerpnpyiOTca 
b CTaH^apTHbix KBa^paTypax tojibko nocjie nepexo^a k hobbim nepeMeHHbiM. CaM 
jiorapncpM cjie^yeT paccMaTpHBaTb KaK onpedejixeMuti, aepe3 HHTerpaji ot npocTeHHieft 
panriOHajibHOH (pyHKiiHH 

z 

Def f dz 

mz = 

z 



6 3>yHKi];Ha Ha3MBaeTCfl a6ejieBoii ecnn OHa ciiMMeTpiiHHa no nepeMeHHbiM (7^.,^) h sBjiaeTca 
MepoMopcpHoii (pyHKipien ot SHa^eHnii HHTerpajiOB, (pnrypnpyiomHx b aa^a^e 5Iko6h (|2fl|l . Hania V E'- 
(pyHKiiHH HMeeT SKcnoHeHiniajibHyio 3aBHCHMOCTb h noTOMy He flBjiaeTCfl a6ejieBoii. 
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a BKcnoHeHTy exp(x) — KaK nejiyio TpaHcn,eHfleHTHyio nepHOflHHecKyio (pyHKiiHio o^hoh 
nepeMeHHofl onpedeAxeMt/w ero o6pameHHeM. Ee nepnoflHHHOCTb cjie^yeT H3 CBOHCTBa 
HHTerpajia nojiynaTb npnpaineHHe 2ni nocjie o6xo^a ocoSoh tohkh HHTerpajia. 3to 

eflHHCTBeHHMH B03HHKaK)HIHH nepnofl. 

B Sojiee cjiojkhmx cjiynaax mbi npnxoflHM k Heo6xo,nHMOCTH o6pamaTb coScTBeHHO 
aSejieBbi HHTerpajibi. IlocKOJibKy pemeHne CBejiocb k KOHenHOMy nncjiy HHTerpiipoBaHiiH 
ajireSpannecKHX (pyHKiiHH, b ^pyrofi TepMiiHOJioriiii Teopna H3BecTHa KaK ajize6pauHecKa,H 
UHmespupyeMocmb. Bee ocTaBniiieca ^eiicTBHa HMeiOT OTHOineHne jihhib k flajibHefiineMy 
npedcmaeAeHUH) HHTerpajiOB h hx o6pameHHH, ho He 3aTparHBaiOT npnpo^y 
HHTerpnpyeMOCTH. CaMH npe^CTaBjieHHfl peajiH3yiOTca c noMonibio hobbix nejibix 
TpaHcn,eH^eHTHbix (pyHKiiHii, ho y>Ke ot HecKOJibKHx nepeMeHHbix, t. k. HHTerpajiOB 
HecKOJibKO. 3thmh (pyHKH,naMH aBjiaiOTca 3HaMeHHTbie B-pa^bi 7 . Hx CBOHCTBa 
nepHO^HHHOCTH TO>Ke cjie^yiOT H3 cbohctb a6ejieBbix HHTerpajiOB (|20j) nonynaTb 
npnpaineHHH. OflHaKO hhcjio KOHTypoB, caivinx HHTerpajiOB, h hx He3aBHCHMbix nepno/ipB 
Sy/ieT y>Ke Sojibnie. Bee sto OTpa3HTca Ha CBOHCTBax nepHO/iHHHOCTH TpaHcneHjreHTHoro 
B-pa/ia KaK (pyHKiiHH ot g nepeMeHHbix. Hhmmh cjiOBaMH, HeH36ejKHOCTb noaBJieHHH 
hobmx 3KcnoHeHHHajibHbix TpaHCH,eH^eHT TaKaa me KaK h noaBjieHne 3KcnoHeHTbi b 
BbipoK^eHHOM cjiynae. KaK pe3yjibTaT, HOBbie TpaHcneH^eHTbi ,a,oji>KHbi 6biTb eeedenu, 
a Bbipa>KeHHH rjisi caMHx pa^OB CTpoaTca He aKCHOMaTHnecKH nocTyjiHpyeMOH, a 
peryjiapHoii npone,nypoH. OS^flCHeHHe nocjieflHero Ba>KHoro 3aMenaHHa bbixoaht 3a 

paMKH ^aHHOH 3aMeTKH. 

IloXOJKHe HBJieHHH, KaK H3BeCTHO, HMeiOT MeCTO H npH HHTerpHpOBaHHH nO JlHyBHJIJIK) 

raMHJibTOHOBbix flHHaMHHecKHx CHCTeM. TeopeMa JlnyBHJiJiH ,naeT cpaKT cymecTBOBaHHH 
KBa^paTyp. IIohck ocTaBineHca nojiOBHHbi HHTerpajiOB h nepeMeHHbix pa3jrejieHHH 
(sto HaniH nepeivieHHbie 7 fc ) HBJiaeTca npe/iMeTOM TeopHH pa3jrejieHHH nepeMeHHbix 
raMHjibTOHa-5lKo6H. B-(pyHKii,HH peajiH3yiOT npe^CTaBjieHHa fljia ^HHaMHnecKHx 
nepeMeHbix {jo, q] b TepMHHax 0-pa^oB. Bojiee Toro, H3Jio>KeHHbiH MexaHH3M ,a,aeT 
OTBeT Ha Bonpoc Mo3epa: "... Mozym au ece unmespupyeMue saMUAbmouoeu cucmeMU 
6um r b onucanu c noMOU^bw u30cneKmpaAt>Hou deipopMai^uu. IJpu amoM npo6AeMa 
omucKanuH unmespaAoe, npu ycAoeuu ux cyu^ecmeoeaHUH, ceodumcfi k Haxootcdenuio 
Auneunozo onepamopa, ueu cnenmp coxpaHnemcsi". Ecjih HHTerpnpyeMOCTb npHHa^;jie>KHT 
k rnnepsjiJinnTHnecKoii HppannoHajibHOCTH (hto nacTO bo3mo>kho onpe/iejiHTb OT^ejibHo), 
to TaKHM onepaTopoM, KaK bhjthm, Bcerjja MOJKeT cjiyjKHTb onepaTop UIpejjHHrepa (1). 
I±ponejTypa HHTerpnpoBaHna ocTaeTca b paMKax Teopnn pa3jj;ejieHHH nepeMeHHbix n 
noHCKy KaHOHHnecKHx (h He KaHOHHnecKHx) npeo6pa30BaHHH. 

B coBpeMeHHbix Teopnax HHTerpnpoBaHHa jiHHeimbix ,a,H(p(pepeHiTHajibHbix ypaBHeHHH, 
KaK 3to nonijio ot pa6oT JlnyBHjiJiii, cjie^yeT CTporo onpe^ejiaTb Kjiaccbi (pyHKnim Ha 
KOTopbix 3a^aHO ^,H(p(pepeHH,HajibHoe ypaBHeHne. IIoHflTHe «npoHHTerpHpoBaTb» npn 
9tom 03HanaeT onepan;HH Heonpe^ejieHHoro HHTerpHpoBaHHa Ha^; bthmh oSTaeKTaMn + 
«ecTecTBeHHbie» onepan;HH Ha^ hhmh THna ajireSpbi, B3HTne pa^HKajiOB, o6pani;eHHH 



Tot (J)aKT ^to G-cjjyiiKipiH jie»caT b ocHOBe KOHe^HOSOHHoro HHTerpiipoBaHiiH flBjiaeTCfl no Bceii 
bh,u;hmocth o6menpHHHTOH to^koh 3peHHa. C ,n;pyroii CTopoHbi, cikchomclth^gckh nocTyjinpyeMbiii 6-pfl,a; 
He MOJKeT o6T)flCHHTb KaKyio-jiH6o HHTerpnpyeMOCTb. 
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H T. ,ZL B H3JI0)KeHH0H (pOpMyjIHpOBKe TCOpHH, KclK BH^HO, BCe 3TH oS^eKTbl flBHO 

npe^aB jiaiOTCH . 



9.1. Teopna cojihtohob. B 3aKJiiOHeHHH CKa>KeM hto Bee H3BecTHbie penieHHa h 
noTeHn,Hajibi BbipajKaiomiiecji b sjieivieHTapHbix (pyHKiniax (cojihtohm h hx BbipoK^eHHa) 
c Heo6xoflHMOCTbio BKjiaflbiBaiOTCH b onncaHHyio cxeMy. 3to nponcxo^HT Tor^a h tojibko 
Tor^a Kor^a rojiOMopcpHbie aSejieBbi HHTerpajibi (f2"U|) BbiHHCJiaiOTca b BJieMeHTapHbix 
(pyHKn,H5ix, t. e. b jiorapncpMax h pairHOHajibHbix cpyHKHiiax. KaK H3BecTHO sto 

B03MOJKHO TOJIbKO eCJIH B riinepSJIJIHIITHHeCKOH KpHBOH ()21jl . a TO^Hee B nOJIHHOMe 

{z— Ei) • • ■ (z — E 2g +i), HecKOJibKO KopHefi cjiHBaiOTca Tax hto Bee aSejieBbi HHTerpajibi 



peflyirnpyiOTca k HppainiOHajibHOCTH BHjj,a y/(z — e 1 )(z — e 2 ). B Taxnx cjiynaax roBopaT, 

hto pOfl g rHnepsjiJinnTHHecKOH kphboh (|21)l Bbipo>K^i,aeTca b hojib, a HHTerpajibi 
BbiHHCJiaiOTCfl b apKCHHycax, t. e. CHOBa CBO^flTca k jiorapncpMaM. 06pameHH5i Taxnx 
HHTerpajiOB jjaiOT SKcnoHeHTbi, KOTopbie xoponio H3BecTHbi b Teopnn cojihtohob. Kpoivie 

COJIHTOHOB H HX pa3HOBHJTHOCTeH, peiHeHHH B SJieiVieHTapHblX aHajIHTHHeCKHX CpyHKHHHX, 

cooTBeTCTByiomHX KOHeHHOMy pojry, 6biTb ne Mocncem. Xoth ajire6paHHecKaa KpHBaa 

BbipOJK/jaeTCH B KBa^paTHblH KOpeHb OT nOJIHHOMa BTOpOH CTeneHH, ypaBHCHHH HOBHKOBa 

no npe>KHeMy ocTaiOTca jjH(p(pepeHHHajibHbiMH ypaBHeHHaMH nopa^Ka 2g + 1, ho c 
peiueHHaMH b sjieMeHTapHbix (pyHKiraax (noTeHHiiajibi BaprMaHa). 

Pa3yMeeTca nocTpoGHHfi penieHHH b sjieMeHTapHbix cpyHKiniax nyTeM oSpameHna 
sjiGMeHTapHbix aSejieBbix HHTerpajiOB ,a,ajieKO He caMbiH y,a,o6HbiH cnoco6. JXjir stoh hcjih 
b TeopHH cojihtohob cymecTByiOT caiviocTOHTejibHbie npaivibie MeTO/jbi: npeo6pa30BaHHH 
^apSy-BsKJiyHj^a h jrpyrne MeTO/jbi «o,r;eBaHHH» H3BecTHbie b M03P. 
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IlPHJlOKEHHE 



Comptes Rendus de I'Academie des Sciences (1919) 168, 47-50. 

matemathheckhh AHAJIH3. — Onpede/ienue c/iynaee pedyKv^uu 

d 2 y 

dudxpepeniitUajibHozo ypaenenun — — ^ = [<f(x) + h] y. 

d.r- 

JULES DRACH 



1. YpaBHeHHe 

b kotopom (f(x) o6o3HanaeT npoH3BOjibHyio (pyHKinno x h napaMeTpa h, BbiCTynaeT b nacTHOCTH 
b onpeflejieHHH «rapMOHn x iecKnx» peinemiH « rapMOHHHecicoro » ypaBHemiH 

d 2 Z 

(a) Q^ = [<p(u + v)-il>(u-v)]Z, 

KOTopoe CBH3aHO b TeoMeTpHH c 6ecKOHe x iHO Majioft flecpopMaipieH MHHHMajiBHBix noBepxHOCTeft. 
BnponeM oho hbjihctch pedyi^upoeauHou cpopMou o6mero ypaBHemifl 

(2) |(*£) +( , fc _,)y_o, 

r^e k, g, I — jiio6bie cpyHKHHH t, KOTopoe Mbi BCTpenaeM b KjiaccnnecKHx 3a,a;aHax 
MaTeMaTHHecKofi (J)H3hkh (oxjiajK^emie oflHopo/nroro CTepjKHH, Teopnn IIlTypMa h JliiyBiuijiH, 
h t.r.); (2) cbo/];htch k (1) flByMH KBa/npaTypaMH. 

CjieflOBaTejitHO, oneHB BaacHO 3HaTb cjiynaH, r^e ynpomemie BCTpenaeTCH b HHTerpnpoBaHHH 
(1), ocmaejiHH napaMemp h npou360AbHUM ( 1 ). HaM y,a;ajiocB onpe^ejiHTt (pyHKHHio ip bo Bcex 
cjiynaax, r^e HHTerpaji mojkct nojiynaTBCH KBa^paTypaMH. Mbi xapaKTepn3yeM, KpoMe Toro, Bee 
flpyrne cjiynaH peflyKuiin zpynnu pai^uonaAbHocmu ypaBHeHHH (1); (pymcipiH <p yflOBjieTBopaeT 
flH(p(pepeHLi;HajiBHBiM ypaBHemiHM, KOTopBie He MoryT HHTerpnpoBaTBCH KBa^paTypaMH; caMBift 
npocTOH cjiynafi, CHOBa AaeT, HanpHMep, ypaBHeHHe IleHjieBe: 

2. IIojiojkhm y' = py, pe30jiBBeHTa b p hbjihctch ypaBHeHHeM PnKKaTH 

(3) P+P 2 = <p{x) + h, 

h rpynna pauiiOHajiBHOCTH cooTBeTCTByiomero ypaBHeHHH b nacTHBix npoH3BO,i];HBix, b o6jiacTH 
[h, p, <p(x)]: 



( ^ ) 9to HCCJieflOBaHne MoaceT 6biTb cflejiaHO c noinoinbio KJiaccHnecKoii Teopirn 9 . IIiiKapa fljia jiiiHeinibix 
ypaBHeHHit. 
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o6pa30BaHa npeo6pa30BaHiraMii 

h h t af+b 

r,a;e a, b, c, d hbjihiotch (pymajiraMH h. 

Kor,a,a 3Ta rpynna pe^yinrpyeTCH, OHa CTaHOBHTCH jinHenHoii no / h BbipajKeHne HHBapnaHTa 
T d 2 f df 
= ~~d(? ' ~~dp HBJIHeTC51 P ai J H0HajIbHtIM no /; h ft. 

KopHii 3HaMeHaTejiH J, paccMaTpnBaeMoro KaK nojiHHOM no p, hbjihiotch nacTHtiMn 
penieHHHMH (3), ajire6pannecKHMH no h. 

Cjiynaft o/nroro kophh (painiOHajiBHoro no h) He bosmojkbh. TaK>Ke, hhcjio KopHeft He mojkbt 
npeBoexoflHTt 2, t. e. hto HHTerpaji (3) HnKor^a He HBjraeTCH ajire6pannecKHM no h. OcTaeTCH 
nccjieflOBaTB cjiynaft flByx nacTHtix pemeHnft, ajire6panHecKnx no h, ^jih ypaBHeHHH (3). Ohh 
MoryT onpe^ejiHTtCH (popMyjiaMH 

r' Vn r' Vti 

rp,e Q ecTb nojiHHOM no h c nocTOHHHMMH KOScpcpimneHTaMH n r^e nojiHHOM no h, o6o3Ha x iaeMbiH 
R, yflOBjieTBopaeT fliicpcpepeHiriiajibHOMy ypaBHemiio 

(4) R'" - AR' (tp + h) -2R(p' = 0; 

YpaBHeHne (3) HHTerpnpyeTCH Tor^a odnou neadpamypou . 

YpaBHeHne (4) MoaceT flonycKaTb b KanecTBe penieinia R nojiHHOM no h aw6ou cmenenu n; Torfla iiojiynaeM 
fljia ifi ypaBHeHne nopaflKa (2n + 1). HHTerpajibi, 3aBiica ot (n + 1) KOHCTaHT, nanynaiOTca ecnii nojioacHM 

R' 2 -2RR" + 4R 2 (tp + h) =Q(h), 

rfle nojiHHOM b npaBoii nacTii — c nocToaHHbiMii KOScJxpiiniieHTaMii. Ohh BbipaacaiOT to, hto HHTerpaji / 
ypaBHeHHa (3), ,a;po6b nepBoii CTeneHH no p, onpeflejiaeTca, c tohhoctbio flo MHoaciiTejia, cpyHKinieii h. 

3. ^ap6y 3aMeTHji ( 1 ) , hto mojkho nepenTii ot ypaBHemiH (1) k .apyroMy npeo6pa30BaHHeM 

/ l/o 
z = y - y—, 

r^e y y,a;oBjieTBop5ieT 

y'o = (<p + K)yo- 

IIpeo6pa30BaHHe, KOTopoe H3 stoto cjie^yeT rjir ypaBHeHHa PniocaTH (3) ecTb 

h — h n 

r = - Po 

P-Po 

h 3aMeH5ieT ip Ha ip = 2 (pq — h ) — (p; oho 3aBHCHT ot ,a,Byx KOHCTaHT. Ho stoto npeo6pa30BaHHH 
HeflOCTaTOHHO, hto6bi nepeiiTH ot crynaH, Kor^a R — CTeneHH n, k cjiynaio, Kor^a R — CTeneHH 
(n + 1); HOBoe ypaBHeHne nopHflKa (2n + 3) fljiH ip co^epjKHT Ha caMOM ,a;ejie npon3BOJibHyio 

KOHCTaHTy. 

4. ,HpyroH o6iu,hh cjiynaft pe/ryKinin ypaBHeHHH (3) He npnBOflHT k ero nojiHOMy 
HHTerpnpoBaHHio . IlpoeKTHBHbie npeo6pa30BaHHH HHTerpajia / hbjihiotch Tor^a He3aBHCHMbiMH 
OT h. 

Mm 3flecb HMeeM, H3 (3) 

dp L 2 M N 
dh = -p p + T P+ P> 



( 1 ) Lemons sur la theorie des surfaces, t. 2, p. 196, § 408. 
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L, M, N, P hbjihiotch nojiHHOMaMH no h; nocjie^HHit — c iioctohhhhimh K03Cp(pHii;HeHTaMH n 

npOU360AeH. IIOJIHHOM L yflOBJieTBOpHeT ypaBHeHHio 

—L'" + 4 L' {if + h) + 2 L tp' = 2 P, 

h, Kozda P (puKcupoeaHO, mojkct 6mtb KaKOH-yroflHO CTeneHH. 

Ilpeo6pa30BaHHe ,Hap6y eme npiiMeiraeTCfl, ho ypaBHemiH, KOTopbie nojiynaiOTCH rjir <p, 
onpe^ejiHiOT HOBbie TpaHCueHfleHTM h He HHTerpnpyiOTCH KBa^paTypaMH. 

Pa3BHTne 3thx pe3yjibTaTOB 6y^eT hbjihtbch npe^MeTOM cjieflyiomen pa6oTM. 



Comptes Rendus de I'Academie des Sciences (1919) 168, 337-340. 

MATEMATH^ECKHH AHAJ1H3. — 06 UHmezpupoeanuu KeadpamypaMU 

ypaenenun —77 = \<f(x) + h] y. 
dx z 

Jules Drach 



He^aBHO mm yKa3ajiH ( 1 ) , KaKOBbi ocHOBHbie cjiynan pe/ryKixHH rpynnbi paixnoHajibHOCTH 
ypaBHeHHH 

(H) = Mx) + h] y, 

rp,e h — npou360AbHuu napaMemp. CaMbiM HHTepecHbiMH H3 hhx hbjihiotch Te, b kotopbix 
ypaBHeHne PnKKaTn 

p + p 2 = if + h 

[a cjie^OBaTejibHO ypaBHeHne (H)] HHTerpnpyeTCH KeadpamypaMU] mm cennac noKaaceM KaK 
onpe^ejiHiOT (pyHKH,nio ip bo Bcex sthx cjiynaax. 

1. YpaBHeHHe PnKKaTH ^onycKaeT 3,necb ^Ba peiHerora — — — — , r,a;e R sto hojihhom no h 

2 R 

CTeneHH n 

R = h n + R 1 h n ~ x + ... 

nfi — nojiHHOM no h CTeneroi (2n + 1) c nocmosmuuMU Koagxpui^ueHmaMU. 
(PyHKixHH R y,a;oBjieTBop5ieT ypaBHeHHio TpeTbero nopnflKa 

(A) R'" -AR'((p + h) - 2R(p' = 0, 

hto ,a;aeT, hto6m onpe^ejiHTb <p, ypaBHeHne -E?2n+i nopa^Ka (2n + 1), 3aBHCHmee ot n 
npoH3BOjibHbix KOHCTaHT c l5 . . . , c n . Hmchho sto ypaBHemie HaM y,a;ajiocb npoHHTerpnpoBaTb. 

3aMenaH, hto (A) SKBHBajieHTHO CBoeMy conpHaceHHOMy, bmbo^hm OTCiofla nepBbm 
KBaflpaTHHHbift HHTerpaji 

(B) R' 2 -2RR" + 4R 2 (ip + h) = Q. 

n nepBbix KOScpcpHHiieHTOB f2 hbjihiotch (pyHKu;HHMH c l5 . . . , c n ; (n + 1) nocjie^Hnx d l , . . . , d n+l 
hbjihiotch npoH3BOjibHMMH h npe^CTaBjiHiOT CTOjibKO ace HHTerpajiOB £^2n+i) u,ejiux no 

i 1 ) Comptes Rendus, 1. 168, 1919, p. 47. 
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<p,(p', . . ., (p( 2n+1 \ OcTaercH, cjie^OBaTejibHO, npoHHTerpnpoBaTb ypaBHeroie nopH^Ka n c 

(2n + 1) KOHCTaHTaMH. 
2. IIojIOJKHM 

R = h n + R 1 h n ~ x + ... = (h-u 1 )(h-u 2 ) ... (h-u n ); 

U) i HBJIHIOTCH ajire6paHHeCKHMH (pyHKH,H5IMH OT (p, if' , . . . , (^( 2n_2 ) H Mbl 6yfleM HM6Tb 



R h — lo 1 h — uj n 

3aMenaH, hto Kopmi h = co i aHHyjinpyiOT R' 2 — Q BCjie^CTBHe (B), T.e. ojj;hh h3 cpaKTopoB 
R' + Vn, r' - Vn, mojkho 6y^eT 3anncaTb n ypaBHemiH 



V^i (Wj - Wi) . . . - w n ) 

rp,e fij = £j = ±1. 

Bbibo,i];hm OTCiofla HCKOMbie n HHTerpajiOB b BH;j;e 



(i = 1, ... , n), 



/ - A ? = L + ...+ ^=^ = u x (A = 0, 1, ...,n-2), 



/ 



1 + ...+ / __ =a + Mw _ 1 , 



V^l ./a„ V"n 

npii ycjiOBHH, hto nyTH HHTerpnpoBaHHH npii e i = —1 ycTaHaBjiHBaiOTCH TaKHM o6pa30M, hto 
npHMOJiHHeiiHbra HHTerpaji I 3aMeH5ieTC5i Ha 2 A — I, rpp A o6o3HaHaeT noflxoflHiiryio KOHCTaHTy; 



3to flaeT ^— J pa3JiHHHbix no (popMe chctcm. 
3. QyHKn;HH KOTopaH 3ajj;aHa kbk 

^i + w 2 + . • • + uj n = -R 1 = -C\ + - <p, 

h sjieMeHTapHbie CHMMeTpiinecKiie cpyHKiniH u \t&k ace kek h CHMMeTpnnecKHe cpyHKi^Hii v^i] 
hbjihiotch a6ejieeuMU (fyyuKi^usiMU (rHnepsjijinnTHHecKHMH) apryMeHTOB u , . . . , u n _ 1 + x, T.e. 
odH03HauHUMu , MepoMopc/jnuMu 3thx sjieMeHTOB, o6jia/];aion],He 2n CHCTeMaMH nepnoflOB ( 1 ) . 
cpyHKipifl (/? ot nepeMeHHofi x b o6meM He HBjiaeTCH nepHOjjrraecKOH, ho OHa BHOBb o6peTaeT 
CBoe 3HaHeOTie Korjja ,a;o6aBji5HOT oflHOBpeMeHHO k x, u , . . . , u n -2 cooTBeTCTByionnie nepnoixbi: 
3to onpe^ejiHeT zpynny MonodpoMUU HHTerpajiOB u i . Cjiynaft n = 1 flaeT ^jih ip o6paTHyio 
(pymaniio sjijinnTHnecKoro HHTerpajia nepBoro po^a. 

AHajiornHHoe paccy»c/];eHHe, ho OTHOC5nu,eec5i k jjpyrnM kophhm £ l5 . . . , ypaBHeHHH 
R' 2 — O = 0, ,a;ajio 6bi (n + 1) TpaHCH,eH,neHTHbix HHTerpajiOB E2 n +i', TeopeMa A6ejia jierKO 
noKa3biBaeT, hto sth HHTerpajibi BbipaacaiOTCH Hepe3 npeflbiflymHe h ajire6paH x iecKHe HHTerpajibi 
d\, • • • j d n+1 . 



OyHflaMeHTajibHbiMH HHTerpajiaMH ypaBHeHHH (H) hbjihiotch v R e ; 3aMeTHM, hto mm 

HMeeM 



^ jdx _ ^2 P \W0 d ^ 



3Ta cyMMa HHTerpajiOB TpeTbero po^a HBjineTCH cyMMoft jiorapncpMa a6ejieBoii (pyHKi^HH 
h a6ejieBoft cpyHKi^HH. Ilpeo6pa30BaHH5i, KOTopbie npeTepneBaroT HHTerpajibi (H) bbiboj^htch 
OTCiofla. 



( 1 ) Weierstrass, Journal de Crelle, t.47 et 52. 
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,Hp6aBHM, hto ypaBHeHne (H) ,a;onycKaeT npeo6pa30BaHne e ce6n 

Y = [9(h)-R']y + 2Ry', 

rp,e 9(h) — nojiHHOM no h c nocTOHHHBiMH KOScpcpHniieHTaMH. 

4. tfeyneHHe ypaBHeHHft (H), KOTopbie HHTerpnpyeTCH KBa/npaTypaMn hbjihctch 
cjie^OBaTejibHO He HeM hhbim KaK H3yneHHeM a6ejieeux (fyyuKi^uu n hx eupoDfcdenuu, 
Kor^a f2 HMeeT KpaTHtie Kopmi (nccjieflOBaHHe c,a;ejiaHHoe b ^eTajiax Qmiijicm IlnKapoM h 
IleHjieBe /yiH n = 2). 

Ilpeo6pa30BaHHe ,Hap6y, KOTopoe 3aMemaeT tp n&2 (pg — h ) — ip, r^e /9q + Pq = p + h ,m Rk& 
nojiHHOM CTeneHH (n + 1) no h, He npHBO^HT k co6cmeeHHUM TpaHCijeHfleHTaM HH^eKca (n + 1); 
oho yMHOJKaeT 11 Ha (ft - ^-o) 2 ' XJT0 He MeH HeT oicanp. Hao6opoT, ecjin Q, co^epHCHT mhohchtcjib 

R' (h ) 

(/i — /i ) 2 , npeo6pa30BaHHe ,Hap6y othochtcjibho h h , , noHHJKaeT Ha eflHHnuy HH^eKC n. 

2H{n ) 

OyHKi^nn <p, Heco6cmeeHHue /yia HH^eKca n, nojiynaiOTCH cynepnosnuneH KBa^paTyp, HanHHaa 
c (pymaniH, co6cmeeHHUx fljin HH3uiero HH^eKca; ohh 0flH03HaHHtie, ho ue MepoMopipuue . 
HaKOHeu; ^jih 3HaneHHn h = h i KOToptie aHHyjinpyiOT f2, mbi hmggm ypaBHeHne y" = (tp + hj) y, 

KOTopoe ,a;onycKaeT a6eAeeo peuieHne \J R(h^), cjie^OBaTejitHO, o,i],H03HaHHoe no u , . . . , u n _ 1 +x. 

3/i;ecB mbi ,a;aeM ecTecTBeHHoe pa3BHTne Ba>KHBix nccjieflOBaHnn 3pMnra h 3mhjih IlnKapa 06 
ypaBHeHHH JlaMe( 1 ), fljin KOToporo tp = n(n+ 1) k 2 sn 2 x; h nocjieflyiomne pa6oTBi BpnocKn, 
3jijinoTa, OyKca, ,Hap6y no aHajiornnHBiM ypaBHeHHHM. 3aMeTHM, hto Kor^a <p BBi6npaeTcn 

KaK He3aBHCHMan nepeMeHHan, HBjineTcn odno3HaHHOu no x, ho mpaHCV^endeHmHOU no ip, 3a 
HCKjironeHneM cjiynan Kor^a (pyHKi^Hn ip hbjihiotch npon3BOflHBiMH ot sjijinnTnnecKHx (pyHKijnn, 
eflHHCTBeHHBift cjiynaii, paccMOTpeHHBin ,a;o Hacronmero BpeMeHH. 



i 1 ) Comptes Rendus, t. 85, 1877, p. 689, et t. 89, 21 juillet 1879. 



